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Abstract. We study double afBne Hecke algebras at roots of unity and their rela- 
tions with deformed Hilbert schemes. In particular their categories of finitely gener- 
ated modules are derived equivalent to some category of coherent sheaves. 
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Introduction 

The double affine Hecke algebra, DAHA for short, have been introduced by 
Cherednik about 15 years ago for the proof of MacDonald conjectures. Their rep- 
resentation theory has been much studied in recent years. In particular simple 
representation of the category O have been classified in [V] when the parameters 
are not not roots of one. It is expected that DAHA's play some role in modular 
representations of affine Lie algebras or p-adic groups. See [VV2], [VV3]. 

In this paper we study the DAHA when the parameters are roots of unity. We'll 
only consider the type An case and we'll assume that the order of the modular 
parameter is large enough. Note that the following is already known : the classi- 
fication of simple modules in type Ai when parameters are roots of 1 in [C], the 
classification of simple modules in type An with generic quantum parameter and 
modular parameter equal to 1 in [O] and the classification of simple modules of 
rational DAHA of type An in large characteristic in [BFG]. Here we adapt the 
technics of the latter work to the DAHA case. The proof is much more complicated 
in our case. There arc several reason for this. 

The first one is that, for DAHA, one must introduce a new ring of quantum 
differential operators over GL„. The usual one, constructed via the Heisenberg 
double, is not convenient because the adjoint action is not compatible with the 
mTiltiplication. So one must introduce a twisted version of the Heisenberg double 
which is, technically, much more complicated. 

The second reason is that some standard properties of the rational DAHA 
(Noetherianity, finiteness of the global dimension, etc) do not generalize easily. 
The rational DAHA, which contains large polynomial subalgebras, has a natural 
finite filtration with a nice associated graded ring. The DAHA does not have such 
a filtration, basically because the polynomial subalgebras are replaced there by 
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algebras of Laurent polynomials. This problem has another consequence. As we 
explain below, one of the main goals of our work is to compare the spherical DAHA 
with the algebra of global section of a sheaf of quantum differential operators on a 
smooth variety (the deformed Hilbert scheme). Traditionally such statements are 
proved as follows : 

• one embeds the spherical DAHA into a quantum torus via Dunkl operators, 

• one embeds the algebra of quantum differential operators into a quantum 
torus via a homomorphism " a la Harish-Chandra" , 

• one compare the two subalgebras using some filtered/graded arguments. 

In our case the first step makes sense, see section 3.3, the second one also, see 
sections 1.11, 2.8, but the third step does not make sense (at least to our knowledge). 
One of the basic tools that we use instead of filtred/graded arguments comes from 
symplectic geometry. More precisely we assume that the parameters are roots of 
unity. So the algebras we must compare have big centers. They are Poisson orders, 
following the terminology in [BG2]. See section A. 10 for details. 

One could imagine that the DAHA's representations can be recovered from the 
representations of the rational DAHA. The geometric construction we give below 
shows that this cannot be, because DAHA's representations are classified by quasi- 
coherent sheaves over a family of deformed Hilbert schemes which strictly contains 
the Hilbert schemes entering in the rational case. 

Now recall that the proof in [BFG] is based on the following proposition of 
Bezrukavnikov-Kaledin. 

Proposition. Let k be an algebraically closed field. Let X be a smooth connected 
k -variety with trivial canonical class and Y be an affine variety. Let f : X be 
a proper morphism. Let £ be an Azumaya algebra over X such that 

H>^{X,£) = 0. 

Assume that the algebra A = £{X) has a finite global dimension. Then the functor 
D\Coh{S)) D\Mocf^iA)), T ^ R}iomcoh{e){S,J^) 

is an equivalence between the bounded derived category of sheaves of coherent £- 
modules on X and the bounded derived category of finitely generated A-modules. 

To apply this proposition one must prove the following four steps : 

• the rational DAHA and its spherical subalgebra are Morita equivalent (under 
some restrictions on parameters), 

• the Chow morphism of the Hilbert scheme X = Hilb (A^) of finite length 
subschemes of the affine plane is a resolution of singularities of the spectrum 
of the center of the spherical rational DAHA, 

• there is an Azumaya algebra £ over X such that H^^[X, £) = and £{X) is 
isomorphic to the spherical rational DAHA, 

• the rational DAHA has a finite global dimension. 

In our case we follow these ideas : each of the four steps has an analogue, though 
all statements need different proofs. Here are a few words concerning the layout of 
the paper. 

In section 1 we first introduce a quantum analogue of DO (=differential opera- 
tors) on GLn X P'^"^. Then we construct a 'deformed Harish-Chandra homomor- 
phism' from a ring of QDO(=quantum differential operators) to a quantum torus. 
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More precisely sections 1.3 to 1.5 contain generalities on Heisenberg doubles, quan- 
tum moment maps and quantum reduction. In sections 1.6 to 1.10 this is applied 
to the quantum deformation of the enveloping algebra of gin- An essential ingre- 
dient consists to twist the product of the Heisenberg double by an explicit cocycle 
given in terms of the i?-matrix. This yields a new ring, denoted by W. There 
are two reasons to do so. The first one is that the quantum adjoint action on the 
quantized function ring of GL„ is not an Hopf algebra action while the adjoint 
action on W is an Hopf algebra action. The second one is that the Poisson bracket 
on the center of the DAHA at roots of unity, given by Hayashi's construction, is 
the Ruijsenaars- Schneider system by [O] and the latter differs from the Poisson 
bracket of the Heisenberg double. Proposition 1.8.3 and Lemma 4.1.2(6) relate the 
twisted ring of QDO to the Ruijsenaars-Schneider system. In section 1.11 we give 
an analogue of the deformed Harish- Chandra homomorphism used in [BFG]. Our 
construction is based on Etingof-Kirillov's work in [EK]. 

In section 2 we specialize the previous constructions to the case where the quan- 
tum parameters are roots of unity. Sections 2.2 and 2.3 are technical. The reader 
may skip them, and return for proofs of statements referred in the subsequent sec- 
tions. More precisely, section 2.2 is a reminder of more or less standard facts on 
quantum groups at roots of unity, while the section 2.3 deals with invariants and 
good filtrations. Observe that the most general form of the DAHA is an algebra over 
the 3-dimensional ring Z,[q^^ ,t^^], while quantum groups are traditionally algebras 
over a 2) -dimensional ring. This is a source of technical difficulties. Another 
source of problems is that we do not know if the algebras of QDO we consider here 
are all flat. To solve this we must impose that the order of the modular param- 
eter of the DAHA is large enough. In sections 2.4 to 2.7 we specialize the QDO 
defined in the first part to roots of unity. The deformed Hilbert scheme mentioned 
above is introduced in section 2.7. Finally in section 2.8 we specialize the deformed 
Harish-Chandra homomorphism to roots of unity. 

Section 3 is a reminder on double affine Hecke algebras. A convenient reference 
for this is Cherednik's book [C]. Theorems 3.1.2 and 3.6.9 are new. The first one 
proves that the DAHA has a finite global dimension. The second one proves that 
the DAHA is Morita equivalent to its spherical subalgebra. Observe that 3.6.9 
uses completely different technics than the rest of the paper. It is based on the 
J^-theoretic construction in [V] , [VV3] . For q = 1 some of the results in this section 
can be found in [O]. 

Section 4 contains two parts. Section 4.1 is the analogue of the second step 
above. There we study the deformed Hilbert scheme T introduced in section 2.6. 
Note that T is the geometric quotient of an open subset of 

{{g, h, V, if) G GL„(C) X GL„(C) x T*C"; 3/1 - C^hg + v^ip = 0}, 

where ( is an invertible parameter. The basic properties of T are more or less 
standard. Note however that, contrarily to the rational case, the scheme T may be 
not affine for C 7^ 1- Section 4.2 is the analogue of the third step above. Theorem 
4.2.1 is the main result of the paper. In the first part of 4.2.1 we construct a sheaf 
of Azumaya algebras 1 over T. Observe that, contrarily to crystalline differential 
operators in positive caracteristic, our ring of QDO on GL„ at roots of unity is 
not an Azumaya algebra but only a maximal order in a central simple algebra. See 
Corollary 2.2.4 where a precise information is given on the Azumaya locus. This 
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information is deduced from the classification of symplectic leaves of the Heisenberg 
dTial in [AM] . To prove that T is an Azumaya algebra we use once again symplectic 
geometry. Indeed the key point is that the Poisson structure on T is non-degenerate 
and that T is a Poisson order over T. In the second part of 4.2.1, which is anal- 
ogous to the third step above, we prove first that the deformed Harish-Chandra 
homomorphism yields an isomorphism from H^{T,%) to the spherical DAHA and 
that there is no higher cohomology. The injectivity uses the following basic facts : 

• T is a symplectic variety and the function ring of a smooth, afRne, connected, 
symplectic variety is a simple Poisson ring, 

• T is an Azumaya algebra over T and for any Azumaya algebra A extensions 
and contractions yield a bijection from two-sided ideals in A to ideals in the 
center Z{A) c A. 

On the other hand, the surjectivity uses to the following basic fact : 

• the spherical DAHA, at roots of unity, is a maximal order in a central simple 
algebra. Further, for any maximal order A, if B C Frac( A) is a ring containing 
A which is finite over Z{A) then B = A. 

To prove the vanishing of higher cohomology wc use a deformation to q = \ such 
that the parameter remains a root of unity at each step. The way to do this is 
to make a deformation to positive characteristic as in [APW]. Then, to lift the 
vanishing from positive characteristic to characteristic zero we use a Poisson order 
argument and the following lemma : 

• Let A C C be a DVR with residue field k. Let / : X — >■ y be a proper 
morphism of fiat Poisson A-schemes such that Y is affine, irreducible and 
y (g) C is symplectic. li £ £ Coh{Ox) is an O^-algebra which is a flat A- 
module and ^ (g) C is a Poisson order over Y ®C then 

H>^{X®]<i,£®k) = i)^H>^{X®C,£®C) =0. 

Applications to the representation theory of DAHA at roots of unity are given 
in Theorem 4.2.7. We do not insist on this, and we'll come back to this in a future 
publication. 

Finally, let us make a comment on the structure of the paper. It ends with a 
large appendix. To facilitate the reading we have put there some standard results 
for which we did not find an appropriate reference and technical lemmas whose 
proof was not important for the reading of the main arguments. 

We would like to thank H. H. Andersen, A. Braverman, and C. De Concini for 
valuable discussions. 

1. Quantum groups and QDO 

1.1. Groups and root systems. 

Let A be a commutative ring and n be an integer > 0. We denote by GL„^a, 
SLn,A the general and the special linear groups over A. If no confusion is possible 
we omit the ring A and we abbreviate 

G = Ga = GLn^A-i SL = SLa = SL^a- 

Let be the semi-group of all n x n-matrices. Let H C H he the subgroup of all 
diagonal matrices, let U- C G he the subgroup of all lower unipotent matrices and 
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let C G be the subgroup of all upper unipotent matrices. Let e G G{A) be the 
unit and let g be the Lie algebra of G. 

The elements of the weight lattice X of G will be identified with sequences 
A = (Ai,...A„) of integers. Let = (0, . . . 1, . . . 0) be the i-th standard basis 
element of X. For each h = diag(/ti, ^2, • • • hn) £ H{A) we write 

= h^^h^^---h^" e A. 

Let = {Ai ^ • • • ^ A„} be the set of dominant weights in X. Let 11 C X 
be the root system of G, let 11+ = {si — £j;i < j} be the set of positive roots 
and S = {ai} be the set of simple roots. As usual we write = — e^+i 
for i G / = {1, 2, . . . n — 1}. Let Y^,Y C X he the submonoid and the subgroup 
generated by the set S. Set p = J2aen+ ^1'^ ^^"^ ^ ~ £1 — £n- For each i = 1, 2, . . . ra 
we set = Ylij^i Let 

XxX^Z, (A,A')^A-A' 

be the canonical symmetric bilinear form. We write A ^ A' provided that 

A-A' Gy+. 

Wc identify the Weyl group of G with the symmetric group on n-lcttcrs S„ in 
the usual way. Let {sq,}, {sj} C S„ be the sets of reflections and simple reflections. 
Let 

S„ = S„ K S„ = S„ X X, 
the affine Weyl group and the extended affine Weyl group. We'll abbreviate 

TA = (1,A), w = {w,<S). 

The unique afhne simple reflection in S„ which does not belong to S„ is denoted 
by So = seT-0. Recall that the Abelian group 

P = X/Y 

acts on T,n by automorphisms of the extended Dynkin diagram and that we have 

Yjfi = Yjfi X P. 

The reflection representation of E„ on X yields a representation of 5]„ on the Z- 
module X = X ®'^5 such that 

ta(A') = A'-(A-A'K rx{6) = S, w{S) = S. 



We'll putao = 5-eeX. 
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1.2. Schemes and algebras. 

A filtration of an object V in an Abelian category will always be ascending 
sequence of subobjects Fi{V) with i G Z such that V = [JiFi{V). The filtration 
is separated if f]iFi{V) = and it is positive if F-i{V) = 0. Let gT{V) be the 
associated graded object. If V is a Z-graded object let V"^ be the homogeneous 
component of degree m. We set also 



All rings or algebras are assumed to be unital. We'll use the following abbrevi- 
ations : ID for integral domain, CID for commutative integral domain, CNID for 
commutative Noetherian integral domain, NID for Noetherian integral domain and 
DVR for discrete valuation ring. Let A be a commutative ring. If it is clear from the 
context we write V ^W,V*, Hom(F, W) for V ®a W, RomA{V, A), HomA(F, W) 
and ( : ) for the canonical pairing V* (8) V — >■ A. 

Fix any group G. A G-ring A is a ring with a G-action by ring automorphisms. 
If A is commutative, a G-equivariant A-algebra is a G-ring A with a morphism of 
G-rings A — > A. A G-equivariant A-module is an A-module with a compatible 
G-action. Let A<od( A, G) denote the category of G-cquivariant A-modules. 

If A is a ring and i ^ j e {1,2,3} let A®^ C A®'\ a i-> a^j be the inclusion 
obtained by inserting 1 in the component not named. Let Ao be the opposite ring 
and Z{A) be the center. If the multiplicative system generated by an element 
a G A is a denominator set we write A^ for the corresponding quotient ring. Let 
Frac(A) denote the quotient ring of A whenever it is defined. If A is a Z-graded 
ring and a G Z[A) is a homogeneous element let A((j) be the degree homogeneous 
component of the quotient ring A„. We'll use the same notation for a Z-graded 
A-module. If A is an A-algebra let DerA(A) be the set of A-linear derivations of A. 
If the ring A is clear from the context we abbreviate Der(A) = DcrA(A). Given an 
A-linear map x : A — )■ A let A^ be the kernel of x- We'll write Igd(A) for the left 
global dimension of A and fd(V'), pd{V) for the flat and projective dimension of a 
left A-module V. If confusions may happen we write fdA(^), pdj^{V). If G V* 
and f G y let c^^^^ be the corresponding matrix coefficient, i.e., the linear form on 
A such that a ip[av). 

Let M.od(A) be the category of left A-modules and Mod}^{A) be the full sub- 
category consisting of locally finite modules. Let A4odr{A), Mod}^{A) be the 
corresponding categories of right modules. Let 



be the right adjoint to the canonical embedding. Let ^r(A) be the category of 
Z-graded left A-modules and Qgr{A) be the quotient by the full subcategory con- 
sisting of torsion modules, see [AZ]. 

Unless specified otherwise a scheme is a Noetherian separated Z-scheme. We'll 
call variety a reduced separated scheme of finite type over an algebraically closed 
field. For any commutative ring A and any scheme X let X{A) be the set of A- 
points of X. We'll write O = Ox if the scheme X is clear from the context. Let 
Coh{0), Qcoh{0) be the categories of coherent and quasi-coherent sheaves. Let 
K{X) be the function field of X. An action of an algebraic group G on X will 



>o 




m>0 



Mod{A) ^ Mod^^iA), V^V 



•If 
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always mean a rational action, i.e., an action obtained from a coaction of the Hopf 
algebra 0{G). 

Given an algebra £ in Coh{0) let 

Qcoh{S) c Qcoh{0), Coh{S) c Coh{0) 

be the subcategories of sheaves with a structure of left £'-module. Morphisms are 
f^-linear homomorphisms. Recall that £ is an Azumaya algebra over X if it is O- 
coherent and if, for all closed points x oi X, the stalk £x is an Azumaya algebra 
over the local ring Ox, see [M2, IV. 2]. 

li X = Proj(A) and A is a Z_|_-graded commutative ring let 

Qgr{A) Qcoh{Ox), M^M 

be Serre's localization functor. We'll use the same notation for the localization 
functor on an affine scheme. 

Assume that k is a field of characteristic p > 0. Set / = p'^ with e an integer > 0. 
Given a k-scheme X, let X^^") be its e-th Probenius twist. Recall that X^^^ coincides 
with X as a scheme but that it is equipped with a different k-linear structure. The 
e-th power of the Frobenius homomorphism is an affine morphism 

Pr^ -.X ^ X(^) 

which yields a bijection on the sets of k-points. So we may identify the sheaf Ox 
over X with the sheaf {Fr^)^Ox over X(^). liX is a reduced scheme the Z-th power 
map Ox(.e) — )■ {Pr^)^:Ox is injective. Under the identification above it yields an 
isomorphism between the sheaf Ox(e) and the subsheaf 

(1.2.1) 0'^ = {f-feOx}(lOx. 

If y C X is a closed subscheme then Y^'^^ is a closed subscheme of X^^\ If Y is 
closed, reduced and X c Ox is its ideal sheaf then 

(1.2.2) Oy(.)^0'y^O'x/X^'\ 

where X^'l c O^x ideal generated by the Z-th powers of elements of X. 

1.3. Hopf algebras. 

Let A be a commutative ring. Let H be a Hopf algebra. We'll always assume 
that H is a Hopf algebra over A which is free as a A- module and with a bijective 
antipode. Let g:, m. A, l be the counit, the multiplication, the coproduct and the 
antipode of H. Let m, A, 1 be the opposite maps. For each G H we write 
A(/i) = hi0h2 and A'^{h) = (id (g) A)A{h) = hi h2 /13. 

The opposit Hopf algebra, the coopposite Hopf algebra, the tensor square Hopf 
algebra and the enveloping Hopf algebra associated with H are 

Ho = (H,m,A,i), H° = (H,m,A,r), H®2 = H(gH, H^ = H° ^ H 

respectively. The coproduct and the antipode of H®^ are 



A{h h') = {hi h'l) (g) (/i2 ® h'2), i{h (g) h') = i{h) ® i{h'). 
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Fix a normal left 2-cocycle, i.e., an invertible element c G H® such that 

(e(8)id)(c) = (id®e)(c) = 1 ® 1, (A O id) (c)(c (g) 1) = (id (g) A)(c)(l c). 

A normal left 2-cocycle is called a twist. The twisted Hopf algebra associated with 
c is 

He = (H,m, Ae,ic) 

with Ac(/j) = c~-^ A(/i) c. We'll say that the Hopf algebras H, He are equivalent. 

Left or right H-actions are denoted by the symbols > and o. We identify (H, H)- 
bimodules and left H^-modules so that {h h') > v = h' > v < i{h). We'll omit the 
action symbol when it is clear from the context. 

Let H* be the dual of H, i.e., the set of all linear maps H ^ A. It is an A-algebra 
and a H'^-module. The restricted dual of H relatively to the tensor category of H- 
modules which are finite and projective over A, i.e., the sum of all H'^-submodules 
of H* which are of finite rank as A-modules, is a Hopf algebra. 

Let H' C H be an A-subalgebra and x : H' — )■ A be an A-algebra homomor- 
phism. The set of (H', x)-invariants in a H'-module V is 

(L3.1) V^''^ = {veV;hv = x{h)v, V/i G H'}. 

We'll abbreviate = and call it the space of H'-invariants in V. 

We'll use the symbol U for a quasi-triangular Hopf algebra. The i?-matrix is 
denoted by i? = r+ ® r ~ . Recall that 

RA{u) = A{u)R, (A0id)(i?) = i?i3i?23, (id® A)(i?) = i?i3i?i2, 
(e0id)(i?) = (id«)e)(i?) = 1, {l(S)l){R) = R, (l (S) [d){R) = R-\ 

Let F be the restricted dual of U relatively to the tensor category of U-modules 
which are finite and projective over A. There are Hopf algebra homomorphisms 

i?+ : F° ^ U, / (/ id : i?), i?- : F° ^ U, / ^ (/ (g) id : R^^). 

Before to go on let us give a few examples. 

1.3.2. Examples. 

(a) The element R23 G U®^ is a twist of the Hopf algebra U®2. Let U'^l be 
the corresponding twisted Hopf algebra. It is quasi-triangular with Ac('u) = 
R^^ A(u) R23 and tc{u) = R21 t-{u) R2-1 ■ A computation yields 

Ac('U ® u') = ^"Ui (g) i{r'^)u[r:^ (g> r~U2r:^ <g> «2- 

s,t 

Let A denote the coproduct of F°. By [Ml, 7.28, 7.31] there is a Hopf algebra 
homomorphism 

A = g) i?-) o A : F° ^ Ul^l. 

(6) The element R35R34 is a twist of the Hopf algebra Ut^l (g) U. Let Ijl^l be the 
corresponding twisted Hopf algebra. The maps A, A^ are Hopf algebra inclu- 
sions of U C IJt^] , IJf^] . A direct computation yields the following formula in 

U[3] 

A{v (g u' (g) 1) = ^ i;i (gi L{r+)u[r^iSi 

s,t,x,y,z 

(g) t(r^rj"r^) (g) r~r~V2r^ i{r~) ® (adr~)(u2) (g) 1. 
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(c) The Hopf algebra is equivalent to U'^l, the corresponding twist is -Ri3-R23- 
The Hopf algebra (U'^)®^ is equivalent to U° U'^l, the corresponding twist 

is i?37ii36-R47-R46- 

Given a representation V of H'^ and an element /t G H we'll set (ad/i) > v = 
A(h) > V. If H is quasi-triangular and y is a representation H^^l we'll set also 
{adh) >v = A(/i) v. In both cases this yields a representation of H on V. We call 
it the adjoint H-action. 

The adjoint H-action on H is given by (ad/i)(/i') = hih'i{h2). We may also use 
the right adjoint action, which is defined by {adrh){h') = L{hi)h'h2- Let H'^ C H 
denote the locally finite part of the adjoint action. A subalgebra H' c H is said to 
be normal if it is preserved by the adjoint H-action. 

The following properties are standard. See section A.l for details. 

1.3.3. Examples. 

(a) 1, U[2] 1 are normal left coideal subalgebras of Tjl^l, \J^^^ respectively. 

(6) The map k : F -> U'^, / k-> i?+(/2) is (adU)-linear. It is injective if 

U is factorizable. Taking as the i?-matrix instead of R, we get another 
(adU)-linear map R such that /«(/) = R'^t{fi) i?~(/2). We have m(/«(8>/«)A = 

m{K R)A = e. 

(c) There are linear isomorphisms Wi : U®* — >■ U'^^, i = 2,3, which commute 
with the adjoint actions and are such that Ak = ti72(/« ® /«)A and A^k = 
''jJz{k (8) k (8) k)A^. 

1.4. Smash products. 

Let A be a commutative ring and H be a Hopf A-algebra. Let A be an A-algebra. 
An H-action on A is a representation such that 

h>\ = e{h)l, h> aa' = {hi> a){h2> a'), yh,a,a'. 

If the action is clear from the context we simply say that A is an H-algebra. The 
following properties are immediate : the locally finite part A'* of the H-action on A 
is an A-subalgebra and the coaction map is an algebra homomorphism A — )■ H* (8) A. 

For any left coideal subalgebra H' c H let M.od{A, H') be the category of the 
H'-equivariant A-modules, i.e., the category of the A-modules V with an H'-action 
such that 

h> (av) = {hit> a){h2> v), \/h,a,v. 

Let A be a H-algebra. Fix a twist c of H. We define an Hg-algebra Ac by 
defining a new multiplication on A such that 

mc(a (8) a') = m(ci> (a (g) a')), Va, a'. 

The Hc-action on A^ is the same as the H-action on A. We say that the H-algebra 
A is equivalent to the Hc-algcbra Ag. 

Given V G A^od(A,H) we define a new object Vc G Mod{Ac,llc) as follows. 
Let a : A 0V —?■ V denote the A-action on V. There is an Ac-action on V given 
by a (8 I— )■ a(c> (a 8) v)). Together with the original H-action on V this yields Vc- 

Before to go on let us give a few examples. See section A.2 for details. 
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1.4.1. Examples. 

(a) It is known that F is a U^-algebra such that {u (g) u') t> f = u' > f < i{u), where 
■u > / = (/2 : u)fi and f < u = {fi : u)f2- The corresponding adjoint action 
is given by (adu)/ = U2> f < i{ui). We may also use the right adjoint action 
which is given by (ad^-n)/ = l{u2) t> / o ui. 

The adjoint U-action on U is an Hopf algebra action, the adjoint U-action 
on F is not. More generally, the adjoint U-action on an U'^l -algebra is an 
Hopf algebra action, while the adjoint U-action on an U^-algebra is not. 

The multiplication m in F satisfies the following relation 

J] m((/ < r+) ® (/' < r;)) = J] "^((^7 > /') ® i^t > /)) . 

s s 

(6) Let F' be the U^^l-algebra equivalent to the U^-algebra F. The U^^^-action 
on F' is given by {u ® u') > f = u' > f < l{u). Let m, m' be the multiplication 
in F, F' respectively. We have 

m{f ® /') = E "^'((adr+)(/) ® (/' < r,")), 

s 

m'if ® /') = J2m{{adrt){f) ® (/' < i{r-))). 

s 

In particular the following relation holds 

E m'{{r+ / < r^-) (g) (/' < r+r")) =^m' ((r+r," > /') O (r+ >f<r^)). 

s,t s,t 

The maps k, R are (adU)-algebra homomorphisms F' — > U'*. Composing the 
counit of U and the map k we get an homomorphism F' — ^ A. This map is 
equal to the counit of F. 

(c) Fix an U-algcbra A. Twisting the multiplication in A®^ by the twist R23 
yields an U'^^-algebra A^^^ Now set A = U or F' with the adjoint U- 
action. We get the (adUP])-algebras U*^^), (F')(^) respectively. The map cc72 
in 1.3.3(c) is an (adU[^])-algebra homomorphism U*^^) — > U^^l. 

(d) Given an H-algebra A and a left or right coideal subalgebra H' C H the set 
of H'-invariants A^ is an A-subalgebra of A. 

Recall that A is an H-algcbra. The smash product of A and H is the A-algebra 
AjJH generated by A, H with the additional relations ha = {hi a) /12 for all h, a. 
It is an H-overalgebra of A and of H, for the H-action given by 

h'>{ah) = {h[i>a){adh'2){h). 

Let i, dfy be the obvious inclusions A, H C AjJH. An AjjH-modulc is the same as 
an H-equivariant A-module. We define the basic representation of AjjH to be A, 
with the left multiplication by A and the natural action of H. 

Given a left coideal subalgebra H' c H let AjjH' c AjjH be the subalgebra 
generated by ^(A), (}>(H'). It is preserved by the H-action if H' is a normal 
subalgebra. The restriction of the basic representation of Aj:jH to AjjH' is called 
again the basic representation of AjjH'. The following is proved in section A. 2. 
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1.4.2. Proposition. For each twist c there is an isomorphism of K- algebras S : 
AcliHc — AflH which factors through the identity of the basic representations Ac — > 
A. 

1.4.3. Examples. 

(a) The obvious inclusions U°,U C U'^ yield normal left coideal subalgebras of 
U^. Thus FttU°, FttU are U'^-subalgebras of the smash-product FttU^ 

(6) The inclusion U C Ul^l maps U onto a normal left coideal subalgebra of U^^l , 
see 1.3.3(o). Further F' is a U^Lalgcbra by lA.l{h). Thus F'tJU, F'^Ul^l are 
both Tjl^l -algebras. The isomorphism S : F'jjUl^l — ^ FtJU'^ in 1.4.2 factors to 
an A-algebra isomorphism F'jJU — >■ FjiU°. 

(c) By definition of F we have F C U*. We have also U C F* iff the natural 
pairing ( : ) : F x U — )• A is non-degenerate. If U C F* then the basic 
representation of FHU on F is faithful. See section A. 2 for details. 

1.5. Quantum reduction. 

Let A be a commutative ring. Let H be a Hopf algebra and let A be an H- 
algebra. Let H' C H be a left coideal subalgebra. 

A quantum moment map for A (QMM for short) is an A-algebra homomorphism 
9[> : H' ^ A such that 



Note that any V G Mod{A) has a natural structure of H'-equivariant A-module : 
the H'-action is the composition of and the A-action on V . So we have defined 
a functor Mod{A) Alod(A,H'). 

An A-algebra homomorphism % : H' — > A yields an algebra homomorphism 



We'll say that H' is x-stable if it is preserved by this map. Note that we have 



(1.5.1) 



{hi a)(?i>(/i2) = dfy{h)a, \la, h. 



Fix the map 5>. Then the H-action on A is given by 



h' ^ l{a)d^{h) = l{h'i> a)d^{&dh'.^){h). 



H' ^ H, h^h'^ = hix{h2). 



(ad/i')(/i^) = {{sidh')h)^, V/i € H', h' G H. 



Thus if H' C H is normal then 



(H')^ = {h^;he H'} 



is also normal in H. If H' C H is x-stable and normal the left ideal 



Ad^{HY C A 



is preserved by the H'-action. Thus we may set 



A/^H' = (A/Aa,(H')>^)"'. 



If X = s: we'll abbreviate A/H' = A^H'. The following is proved in section A. 3. 
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1.5.2. Proposition. Let H' c H 6e a normal x-stable left coideal subalgebra and 
-.W ^ A be a QMM. The following hold 

(a) A/^H' is an A-algebra, 

(b) if A is afield and A is a matrix algebra then A/f^H' is again a matrix algebra, 

(c) taking invariants yield a functor M.od{A) — >■ Alo<Z(A^H'), V ^ 

1.5.3. Remarks. 

(a) Assume that V € Mod(H) is projective of finite rank over A. Then End(y) 
is an H-algebra for the H-action such that End(y) = V as a H-module. 
Here V° is the contragredient dual left H-module, i.e., the dual A-module 
with the action twisted by the antipode. If A c End(V') is an H-subalgebra 
then an algebra homomorphism 5|> : H' — A is a QMM if d^{h){v) = h>v 
for all heH',veV. 

(6) The inclusion 5> : H ^- AtJH is a QMM. 

(c) Let H' c H be a normal left coideal subalgebra. Let x • H' — A be an 

A-algebra homomorphism. Assume that H' is x-stable. The assignment 
l{a)dt^{h) £{a)dt^{h^) gives an H-algebra endomorphism of AjjH'. 
{d) Let H' c H be a normal left coideal subalgebra. Let x : H' — A be an 
A-algebra homomorphism. Assume that H' is x-stablc. Let A be an H- 
algebra with a QMM 9t> : H' — > A. Assume that : A — )■ A is an H-algebra 
homomorphism such that (j)dt>{h) = c?t>(/i^) for all h G H'. Then (p factors to 
an A-algebra isomorphism A//11' = A/f^H'. 

1.6. Quantized enveloping algebra. 

Fix an indeterminate q and a field extension Q{q) C /C. Let U be the X^-algebra 
generated by ei, fi,k\, i E I, A G A with the defining relations 

kxei = q^°'*eikx, kxfi = q~^'°'*fikx, kxkx' = kx+y, 

hJj] = 5ij{k(Xi - k-oci) / {q - q~^) 

and the quantum Serre relations. Here we set 5ij = \ \i i = j and zero else. The 
/C-algebra U is an ID, see [J2, sec. 7.3.4]. To simplify we may write ki = ka^- The 
coproduct and antipode are 

A(ei) = A;ri(^e, + e, cx)l, A(/,) = 1 /, + /, /c„ A{kx) = kx kx, 
L{ei) = -kiCi, i{fi) = -fikl^, L{kx) = k^^. 

Let 1LJ+ , U_ , Uo C U be the positive, negative and Cartan part. We fix once for 

all a reduced expression of wo, the longest element in the Weyl group. Let e^, fa, 
a G H_|_ be the corresponding root vectors in U. We may write e^j = ea, fij = fa 
if CK = e j — £j . Put 

ea = {q - q~^)ea, fa = {q-q~^)fa, ei = eai, fi = fai- 

Consider the Hopf algebra isomorphism a' : U — )■ Uo given by 

a'(ei) = fik:r^, a\fi) = kiSi, a\kx) = kx- 
The map a = T o a' = a' o t is the Cartan involution of U. 
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Let X' be the set of characters Uq — >■ IC. Given an U-module V and a character 
u lE X' let Vjy C y be the corresponding weight subspacc. We say that y is a 
weight module if F = 0^ K and dim(K) < oo for aU v. Let V* = 0^, V* be 
the dual right weight module. The contragredient dual left weight module V° is 
obtained by twisting the right action on V* by the antipode. For each X e X, the 
weight lattice of G, we have the character : k\i ^ q^'^ . This yields an inclusion 
X d X' . We say that the weight module V is of type 1 if all its weights belong to 
X. 

Let 0(U) C Mod{V) be the BGG subcategory. For each z/ G X' let M{v) be the 
Verma module with the highest weight u and let V{y) be its top. We abbreviate 

M(A) = M(g^), y(A) = y(g^). 

We'll fix once for all a basis (v^) of ^(A) for each A G X which consists of weight 
vectors such that is a highest weight vector and v'^ = v^'^^ . Let {f^) be 

the dual basis. We'll abbreviate v\ = and (px = <fi- 

1.7. Quantized function algebra. 

Let F be the restricted dual of the Hopf algebra U with respect to the category 
of finite dimensional modules of type 1. It is an U'^-algebra and an ID, see [J2, 
sec. 9.1.9]. For each A G i,j = 1,2, ... n we put c\ = c^, and q,- = c^i . 

Let cf(y(A)) C F be the vector subspace spanned by the matrix coefficients of 
V(A). Let F+ c F be the subalgebra generated by the set {cij}. 
Let Fq be the /C-span of {q^; A G X} and 

^0 : F ^ Fo 

be the restriction of functions to Uq . The map is an Hopf algebra homomorphism. 

Let F' be as in 1.4.1. Let F'_,_ C F' be the subalgebra generated by the set {cjj}. 
The identity F ^- F' maps F+ onto F^. 

We'll need the following quotient rings of F : 

• Fj is the localization at the denominator set generated by cu for i = 1, 2, ... n. 
It is an U^-overalgebra of F. The right U,f-action on F^ is locally finite. 

• F* is the localization at the denominator set generated by {cu}. 

• Fs is the localization at S = {c\; A G X^}, see [J2, 9.1.10(m)]. 

Let U% UP], U[^] be as in section 1.3. Notice that the coproduct of U^l, Ul^l 
maps only to a completion of the tensor square. This will have no consequence in 
the rest of the paper. So we'll omit it and call U'^], U''^] a Hopf algebra again. Set 

U' = (adU)(A;A), (U')'^' = W2{U' ® U'), {V'f^ = msiV ® U' ® U'). 

Ae2X+ 

The maps tU2, vus are as in 1.3.3(c) and section A.l. 

The universal i?-matrix yields the following endomorphism of V{oJi) (8) V{uii) 

Ri = q^'^ en Cjj + (g - g"^) ^ e^- ® e^j . 



DAHA AT ROOTS OF UNITY 



15 



1.7.1. Proposition. 

(a) The maps k, R yield (adV) -algebra isomorphisms F' — )■ U' such that k{c\) = 
Rl{cx) = k2x- There are inclusions 

A(U') c (U')[^l c U', A2(U') c (U')[^] c (U')[^]. 

(b) The ring ¥' is an U^'^^ -algebra. It is the localization o/F^ at the multiplicative 
set generated by Ccj„ , a central element. The assignment Cij h-)- tij is an iso- 
morphism from ¥'j^ to the algebra generated by {tij} with the defining relations 
Rli Ti3 T23 = T23 Ti3 where T = Y^^ . ® tij . 

Proof: The maps k, R are (adU)-algebra homomorphisms F' — >■ U' by 1.4.1(6). The 
invertibihty of k is proved in [J2], [BS]. The inclusion A(U') C (U')'^! follows from 
the equalities k(F') = U' and Ak(/) = W2{Kfi ® K/2), see above and 1.3.3(c). The 
inclusion (U')!^! C U (g) U' follows from the formula for W2 in section A.l. Part (6) 
is proved in [DM, prop. 4.11]. 

□ 

Let C U be the /C-subalgebra generated by the elements i[fi),k\,ej with 
Ai = 0, j 7^ 1. Let U; = rnU'. Finally let C U be the Hopf subalgebra 
generated by Uq and Utt- Both U,r! are normal left coideal subalgebras of U^. 

Set V = U'/Iy where ly is the right ideal generated by (U^)"^ = U; n The 
adjoint U^f-action on U' factors to V. It is locally finite. Let V+ be the image of 
k(F^) by the obvious map U' — > V. It is an Uf^-submodule of V. We'll consider the 
restriction of this action to the /C-subalgebra i.(U^) C Uff. 

For any right U,r-module V we'll abbreviate = V'^'^ . By 1.4.1(o?) the subset 
F'^ C F is an U-subalgebra for the standard left U-action. As a /C-algebra it is 
generated by the set {cu}. Let also'^F C F be the U-subalgebra generated by the 
set {cji} with the contragredient left action, i.e., the right U-action twisted by the 
antipode. The following is proved in section A. 4. 

1.7.2. Lemma. 

(a) The K-algebrasV'^, (U^)^ are generated by the subsets {ni{cij)\j 7^ 1}, {m{cij) — 
5ij]j 7^ 1} respectively. 

(b) There is a t{U.^)-module isomorphism V+ c^'^F. The t(U^)-modu/e V is iso- 
morphic to the localization of^F with respect to the multiplicative set generated 
by cii. 

1.7.3. Remarks. 

(a) The Hopf algebra U is not quasi-triangular, but F is coquasi-triangular. For 
V,W e 0(U) the universal i?-matrix maps the element v^weV^Wtoa 
well-defined element 

^(r+ > u) (g) {r~k\y\ >w) = ^(r+fe|^| w) (g) {r~ > w), 

s s 

for some homogeneous element rf € U±. If / G F is homogeneous of weight 
A relatively to > then R+{f) = : r+)r-kx and i?-.(/) = : 

rj)r+kx. 

(b) The U-algebra F'^ is isomorphic to 0^>q V{muji) with the Cartan multipli- 
cation rule. We have also'^F = 0^>o V{mu!i)° as a U-module. 
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(c) Set Ff = {Fi^ and = (F*)''. For any F'^-module V we put 

Vi = ¥J V, K = F^ V. 

The AT-algebra FJ is the quantum torus generated by the invertible elements 
c^^, i = l,2,...n, modulo the relations cucij = qcijcu if i > j. For each 
weight A = (Ai, A2, . . . A„) we put cix = (ci„)^" • • • (ci2)^2(cii)^i. Let xx,yx G 
End(FJ) be given by y\{ciij,) = q^'^cif, and xa(ci^) = ci,a+^ for each /i. We'll 
abbreviate yi = t/e- and Xi = x^.. Set A = Ylj^Li ^j^j-i- The elements 5>(ej), 
d>{fj), d^{k\) and ^(cia)5>(A;3^)~^ of D|> act on FJ as the operators 

XjXjli{yj+i-yJ+i), xJ^Xj+i{yj -y]-^), yx, xx- 

(d) We have U C F*, i.e., the natural pairing F x U — > is non-degenerate. 

(e) The /C- algebra F is a quantum analogue of the function algebra 0{G). Let 
cx,Cij G 0{G) be the functions corresponding to the elements cx, Cij. We'll 
write again S = {cx; A e a subset of 0(G). We have ^-^0{G) = 

with Gs = U-\-HU- the open Bruhat cell of G. 
(/) We'll abbreviate E = a multiplicative set in U'. Let be the corre- 

sponding quotient ring. 

From now on we'll use the following conventions : 

• to simplify we'll omit the terms "fe^" in the formulas for the i?-matrix, 

• given an element n of U or U° the expression ui (g) U2 will always denote the 
coproduct in U. So we'll write U2 <8> ui for the coproduct in U°. 

1.8. QDO on G. 

The Hopf algebras U, U° act on the /C-algebra F via the natural left action and 
the contragredient left action respectively. Let = ¥^l] and D<| = FjjU°. Both 
are U^-algebras by 1.4.3(a). In section 1.4 we have defined inclusions 

a> : U ^ D>, 5> : U° ^ D<. 

To avoid confusion we'll use the symbol d^, for the first map and we'll use the 
composed morphism 

9<] = 9i> o t : Uo -> D< 

rather than the second map. To simplify the notation we may write U instead of 
Uq. So we view 5< as a map U — >• ©<,. Recall that 

d^{u)£{f) = i{u,>f)d^{u2), 

d^{u)iif)=e{f<Ui)d^iu2). 

Note that U' C U is a normal left coideal subalgebra by 1.7.1(a). Let D c D> be 

the U^-subalgebra generated by £(F), c?[>(U'). It is isomorphic to the subalgebra of 
D< generated by i{¥), d^{lJ'). The U'^-action on O is given by 

g {u^ u') > (£(/) d^{v)) = £{u[ >f< i{u)) ap>(adn^)(^), 

The adjoint U-action on B is given by 

{adu){i{f) d:.{v)) = i{adm){f) d:.{adu2) (v) , 

{adu){i{f ) d^{v)) = l{adu2)U') d^{adm)iv). 

Let D+ C B be the subalgebra generated by ^(F+) and 9|>k(F+). The following is 
proved in section A. 5. 
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1.8.2. Proposition. 

(a) The ring Bt> is an ID. 

(b) The basic O^-module is faithful and V^-equivariant. 

(c) There are QMM :!!' ^ B and d^, : V ^ B. 

(d) The fC-linear map F(8)U'— >-D, f £{f)d^{u) is invertible. 

The adjoint U-action on D is not an Hopf algebra action. Thus it is convenient 
to introduce the following X^-subalgebras 

D' = F'tJU', Dl = F'tjU C F'tiU^^] . 

Here U', U embed into Ut^l as in 1.3.3(a). Both are IJl^l-algebras. Note that 
~ B<| by 1.4.3(6). The adjoint U-action is given by 

{adu){i{f)d^{v)) = £{adui){f)d^{adu2){v). 

To understand the semi-classical analogue of B' it is useful to write a presentation 
in matrix form. Given formal symbols £ij , i[j set L = J^i j ^ij ^ij ^' = 
Si j ^ij ® £ij- Let £l^^, £'^^ be the quantum determinants of L, L' . Let be the 
/C-algebra generated by {£ij , £^j } with the relations 

i?2i Li3 L23 = L23 i?21 ^13 -^12' 

^21 ^13 ^12 ^23 — -^23 ^21 ^13 ^12^ 
i?2l -^13 -R12 -^23 = -^23 -^21 -^13 (-R21) ^• 

The following is proved in section A. 5. 

1.8.3. Proposition. 

(a) There is a QMM 82 : {V')^^^ B'. 

(b) The elements £1^^, £'^^ generate a denominator set o/D^ whose quotient ring 
is isomorphic to B'. 

1.8.4. Remark. The ring B< satisfies properties similar to 1.8.2. For a future use, 
observe that d^{V') C (B^)^"^ ^^(^z) ^ (p^)U> ^nd that (B>)'^u^ ^jj)^)U> centralize 
each other in Bp.. See section A.5 for details. 

1.9. QDO on P"-i. 

In this section we study several versions of the ring of QDO on P"~^ . First, write 
M = B/Iij where 1r is the left ideal generated by 5<(U^)^. It is a (8)l[J-equivariant 
B-module. Let W C B be the set of right U7r-invariant elements. It is a U-algebra 
by \A.\{d). By 1.5.2 the subset C M of right U7r-invariant elements is also a 
U-algebra. It is the first analogue of DO on P""^. For technical reasons we'll need 
two other different versions of the ring of QDO on P"~^. 

The X^-linear isomorphism £®d^ : F (g) U' — B factors to an isomorphism 

^ a<j : F (8) V M. 

Let be the image of F (x) V+ by this isomorphism. It is a U^ U-submodulc of 
M. Let M!5^ C M+ be the set of U,r-iiivariant elements, a U-submodule again. Here 
we identify with the algebra Utt (8) 1. It is the second analogue of DO on P"~^. 
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Let c ]D)t> be the set of right UTr-invariant elements. The basic representation 

of B> on F factors to a representation of on F''. Let C End(F'') be the 
/C-subalgebra generated by the action of B^ on F'^. It is the third analogue of DO 
on P"-^ 

We'll also use some quotient ring. The elements £{cii), d^{k\), i E I, X E 2X+ 
belong to B'^. Hence they map into W^. Let M|. be the quotient ring obtained by 
inverting all these elements. 

The following is proved in section A. 6. 

1.9.1. Proposition. 

(a) The algebra is an ID and an U-algebra. The quotient ring M.'^ ,^ is a quan- 
tum torus. 

(h) The algebra is an ID and an U-subalgebra o/End(F'^). The quotient ring 
quantum torus. 

(c) The K-subspace C M'^ is an V-subalgebra. There is an isomorphism of 
V-equivariant -modules (gj^'F W^. 

1.9.2. Remarks. 

(a) In 1.9.1(c) we have equipped F'^ ^'^F with the tensor product of the left U- 
action on F'^ and the contragredient left U-action on '^F. The isomorphism 

F'^ ^'^F Rl is given by / (g) /' eifL{f[))d^K{f^). 
(6) The left action of k^^^ yields the Z-grading on given by 

deg(x) = d <^=^ ki^^^ > X = q'^x. 

The subalgebra is also Z-graded. The elements Cij (8) 1, 1 (g) Cji G F^ (g^F 
have degree 1,-1. 

(c) The proof of 1.9.1(6) uses the surjection Bf Rf . The natural map B'" W 
is not surjective. Indeed, the left action of k^j^ yields a Z_|_-grading on B'^ as 
in part (6) above. The canonical map B^ — >■ preserves the grading, so it 
can't be surjective. 

(d) The map 5> : U' B factors to U' M''. 

1.10. QDO on G X P"-^ 

First, we introduce a ring of QDO on G x G. The Hopf algebra H = U° (g) U''^] is 
equivalent to (U^)®^. The tensor square F®^ is an (U")® ^-algebra such that 

(■u (8> (g) -u' (g) f ') > (/ (g) /') = (v > / < l{u)) (g {v' > f < i{u')). 

So we may twist the multiplication in F®^ to get an H-algebra G. Now we define 
some subalgebra of the smash-product GJIH. Set H' = <,(U') (g (U') . The inclusions 

6 : U° ^ M, u^u®l^, 

restrict to algebra embeddings of (U')'^^ /-(U') and U' into H'. Note that (UO^^' C H 
is a normal left coideal subalgebra by 1.3.3(a). Thus there is an H-algebra E = 
GJJ(ILJ')[^^. Consider the following linear maps 

7 : B ^ E, l{f) dUv) ^ iif ® 1) d^W2{v 1), 

y : B' ^ E, eif) d^iu') ^ £{1 ® f) 4^2(1 ® u'), 

^:B(gB'-).E, d^d' ^j{d)-f'{d'). 

The following is proved in section A. 7. 
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1.10.1. Proposition. 

(a) The maps 7 : D — > E and 7' : B' — ^ E are algebra homomorphisms. 

(b ) The map ■i/^ : D (g) D' — )■ E is invertible. 

(c) The V -actions on E associated with b,c are given respectively by 
u\>il){d®d') = V'((o?<i('u)) u>il){d®d') = V'(('"i >d) (ad'U2)(d')). 

(d) The basic representation ofE on G is faithful. 

(e) There is a quantum moment map ^3 : H' — > E. 

Let da,db, dc be the maps composed of ^3 and a, b, c. 

Let Gi, G* be the rmgs of quotients of G relative to the multiphcative sets 
generated by cu (83 1 and {cu (x) 1}. Let G'^ C G be the set of U7r-invariant elements 
for the action associated with the map b. It is a subalgebra of G. We define Ej, E* 
and E"^ in the same way. 

Now we can introduce the ring of QDO on G x P"^"-^. It is one of the main 
objects of this paper. Put § = E/I51 where S is the left ideal generated by di,L{V^y. 
The quantum reduction of E relative to db yields the algebra 

(L10.2) S'^ = E//t(U;). 

The U-action on E associated with the map c is called the adjoint action. It factors 
to a U-action on S'^. The following is proved in section A. 7. 

1.10.3. Proposition. 

(a) The map factors to linear isomorphisms M D' — )■ M'^ ® D' — t- S'^. 
(6) The ring S'^ is an ID. The maps da, dc factor to 5„ : {V')^^^ S"" , 5c : U' ^ 
S'^. Both are QMM. 

1.10.4. Remarks. 

(a) The relations for W_^_ in 1.8.3 are homogeneous. We equip W with the Z- 

grading such that deg{iij) = deg(£.^) = 1. 
(6) We equip B with the Z-grading such that deg(£(cjj)) = 1 and deg((?>/«(cjj)) = 

0, compare 1.9.2(c). 

(c) We equip E with the Z-grading such that the linear map ■0 : D (g) D' — ^ E is 
homogeneous of degree 0. This grading is preserved by the U-action associated 
with the maps b, c. Further d^, dc map into the homogeneous component of 
degree by A.7.4(6) and A.5.3. 

(d) We equip S"^ with the Z-grading such that the linear map ip : R'^ iSi ^' ^ S'^ 
is homogeneous of degree 0. Here , B' are given the gradings in 1.9.2(b), 
1.10.4(a). In other words, the grading on §^ is given by the action of k^^^ 
associated with the map c, see 1.9.2(6). 

1.11. The deformed Harish-Chandra homomorphism. 

The purpose of this section is to define a particular homomorphism between two 
different rings of QDO. Our construction uses intertwiners. First we recall what are 
intertwiners. For V,W ^ A4od{l]) there is a representation of U on Hom(y, W ^V) 
given by 

{u > f){v) = ui> f{L{u2) > v). 
The U-invariant elements are the U-linear maps V — W (8> V. 
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We define the adjoint representation of U on Hom(U, W) as follows. For any u G 

U, 5 G Hom(U, W) the map (adn)(7 G Hom(U, W) is given by a; i— > uit> g{a.dr{u2)x) . 
This action preserves the subspace W ®W d Hom(U, W) of finite rank operators. 
Further the adjoint action on W (8) U* is given by 

{&du){w <8) /) = {ui \>w) ® (adu2)/. 

Now, assume that V G 0(U). We have an embedding of U-modules 

Hom(y, W(^V)C Hom(U, W) 

taking g to the map 

tt H- ^ {idw ® 'ft ■ g{t{u)k2pVi)) . 

i 

Here (vi), {(fi) are dual bases of V, V*. Let I{W, V) be the image of this map. Put 

W^¥= I{W,V). 
yeO(u) 

This is an U-module for the adjoint action. Taking invariants commutes with direct 
limits. Thus the set of U-invariant elements in VF(g)F is the sum of the spaces of 
intertwiners operators V ^ W ^V. 

Now we can define the deformed Harish-Chandra homomorphism. Before to do 
that we must define a new ring of QDO. We'll sec latter that this ring, denoted T^, 
is indeed a quantum analogue of the ring of differential operators on the punctual 
Hilbert scheme of A^. Fix an unit t G /C. Set X = X o '-j where x is the unique 
/C-algebra homomorphism 

(1.11.1) x:U^/C, kx^ q^"^"t-^-''". 

Consider the quantum reduction relative to dc 

It is a /C-algebra. Note that T° is also the quantum reduction relative to db, dc 

to = e/a^^(.(u;)^u'). 

The /C-algebra T° is equipped with two natural algebra homomorphisms. Indeed, 
recall that A(U') C (U')'^! by 1.7.1(a). Thus we have maps 

z' = -f' oe :¥' ^K, 
z = daoA:l]'^E. 

They yield algebra homomorphisms 



(1.11.2) 



z' : Z{¥') T°, 
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We'll drop the symbols z' when there is no danger of confusion. Indeed Z(¥') c F' 
is the set of U-invariant elements for the adjoint action by 1.7.1(a). Thus z' maps 
into T° by definition of 7'. Similarly z maps into T° because da{ui ®U2) commutes 
with dc{v) for each u G Z{\]'), v G U'. For a future use, recall that there is an 
unique A^-algebra isomorphism 

J7 : Uq " ^ Z(U') 

such that the element Q,i = f^(X]«, ^M)(aii)) ^^cts on the module V(A) by multiplication 
by the scalar J2w q^'^P'^^''"^^^'') for each i, A. 

To formulate the main result of this section we need an auxiliary quantum torus. 
Note that Uq is a Hopf algebra and that the pairing 

FoxUo^/C, {q'',kx)^q''-^ 

yields an inclusion Fq C Uq. Let Dq = FottUo, the corresponding smash product. It 
is a /C-algebra which is generated by elements dt^{kx), (-{q^) with A,^ G X. We'll 
drop the symbols d^, i when there is no danger of confusion. Let Bq C Bq be the 
subalgebra generated by the set {kx,q'^;\ G 2X, ji G X}. Let Bq^^, Bq,* be the 
rings of quotients with respect to the multiplicative set generated by 

{g^-t^^g"^; aGn,mGZ,j = 0,-l}. 

There is a S„-action on Dq,* given by 'w{q^) = q^^ and w{k\) = kyj\ for each w, 
A. Let Bq^^ be the set of E„-invariant elements. Consider the /C-algebra homomor- 
phisms 

L':Z(r)^Bg:, /^^o(/), 

(1-11-3) , V ^T-r t^Q"'^"^ - I 

L: Z(U') ^ Bq^;, ^ YlU la) _ 1 

w a 

The product runs over all positive root a such that a ■ Ui = 1. 

1.11.4. Theorem. There is a fC-algebra homomorphism <1> : T*^ — >■ Bq^ such that 
z'if) ^ L'{f) and z{u) ^ L{u) for f G Z{¥'), u G Z{V'). 

Proof: The proof is quite technical. To facilitate the reading we first explain the 
main arguments of the proof and we split it into five different steps. The homomor- 
phism <5 comes from a quantum version of the radial part of invariant differential 
operators. First we prove that T*^ acts on the space intertwiners of a particular 
U- module Wt- This module was already introduced in [EK]. A quantum torus Bg^^ 
acts also on the set of generalized traces of those intertwiners. The radial part is 
a linear map : T° — > Bq ^ which intertwines both actions. Our map $ is just a 
renormalized version of 0. 

Step 1 : First, we rewrite the /C-algebra T° in a slightly different way. The linear 
map x'^ ^ '■ U®^ — > /C restricts to an algebra homomorphism (U')'^! — )■ /C. By 
1.5.3(c) there is a /C-algebra automorphism 



i/ : E ^ E, £(/ ® f')d^{v (g) u') ^ £{f ® f')d^{v^ (g) u'). 
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By A.7.4(e), for each u eV we have 

udbL{u) = dbi{u^) = db{{iu)^), udc{u) = dc{u^). 

Thus 1.5.3(d) yields a X^-algebra isomorphism 

(1.11.5) T°~E//^^e(i(U;)®U'). 

Step 2 : Next, we introduce a particular U-module Wt which we'll use to define 
a space of intertwiners. We'll define Wt as an object of A1od(FJ,U). A /C-basis of 
Wt consists of the elements a^, ji ^ X. The ,^-action is given by 

5>(ei)(a^) = (g'^^+^+4-i - q-i^^+^-H) a^+„„ 
^(ciA)(a^) = ?^-('^+""^i-^-"" ax+^. 

Compare 1.7.3(c). Note that the representation of U on Wt is precisely the weight 
U-module denoted Wk in [EK] . Here A; is a formal symbol such that t = q'^. 
Step 3 : Now, we construct a T°-action on the space 7° of intertwiners 

V^Wt^V, VeO{lS). 

Since the algebra T° is a quantum reduction of the algebra E we'll indeed define a 
<,(U^) 0U-eqmvariant E-module W(8)F such that 1° is the set of (i(U^) (8>U,x(8)£)- 
invariant elements in PF0F. Then we apply 1.5.2(c). 

The induced F*-module W = ¥^ (g)Fj Wt belongs to Mod{¥^,l]). So it is a 
D>_*-module. The U-action on W is given by 

u > {f iS) w) = {ui > f) fS> {U2 > w). 

Consider the U-module W^¥. It is equipped with the action of the X!!-algebra D|> (8> 
B<| such that D> acts on W as above and D< acts on F via the basic representation. 
In (A.7.3) we have defined a /C-algebra homomorphism 

S : E ^ D> (g) D<„ dsiu (g) w n' w') h-^ 5<t(u)5>(w) (8> d^L(u')dt,(v'). 

Thus the /C-algebra E acts on W^¥ via H. The U-action on 1/F(8)F is given by 

(adn)(u; (8> /) = {ui >w) ® (adu2)/. 

If « G U' this action is the same as the action given by the QMM 

9c : U' ^ E. 

Now let / = Wt<S'¥. The inclusion Wt W, w 1 ® w is obviously U- 
equi variant. Thus I is indeed a U-submodule of W(8)F. The elements of db{il]'^)^ 
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act on W(8)F through the E-action. They annihilate the subspace /. More precisely, 
we have 

/ = (VF®F)^'^ 

(left to the reader). Here we use the notation in (1.3.1). Let /° C / be the set of 
U-invariant elements. We have proved the following 

• the E-action on W(g)F factors to a T^-action on 7° by 1.5.2(c), (1.11.5), 

• the /C-vector space 7° is spanned by the intertwining operators V ^ Wt^V 
with V e 0(U). 

Step 4 : Next, we use the generalized trace on intertwiners in and we define 
the corresponding radial part for elements of T°. This yields a /C-algebra homo- 
morphism cf) from T° to a quantum torus Bq ^. See (1.11.10) below. 

Let Fq be the /C-algebra of formal series of the form 

where a^i, G /C and 5 C X' is a finite subset. The /C-linear map 

Q = id® Qo: W®¥ ^ (g) Fo 

factors to a linear map 

This is the generalized trace map mentioned above. Note that the zero weight 

subspace Wt^o C Wt is one-dimensional. We may abbreviate K = Wtfi, hopping it 
will not create any confusion. Thus we obtain a linear map 

^ : 7° ^ Fo. 

Taking expansions yields an inclusion Fo,* C Fq. Thus the /C-algebra Bq ^ acts 
on Fq and the /C-algebra 1LJ(8)Bq^^ acts on VFt (g)Fo. The following is proved in [EK]. 

1.11.6. Lemma. 

(a) Fix a JC-vector space V. If D e }iom{Wtfi,V) <8)Bq^ vanishes on g{I^) then 
it is zero. 

(b) There is a linear map V : U — >■ U (8i O'q^^ such that (Vu)^(g') = Q{{zu)g) for 
each (7 G 1° . 

Using this lemma we can construct the radial part, which is a /C-algebra homo- 
morphism : T° ^ Bq ^. Indeed, there is an unique left B[>-module homomorphism 

B> ® B^ ^ B> ® B(,^^, 9>(ixi) ® ^(/)a<i(iX2) ^ (1 ® iQo{f)){d^ ® l)(Vu), 

for each « G U, / G F. Composing it with S we get a /C-linear map 

(1.11.7) 0:E->B^^B^_^. 

By 1.11.6(6) we have 



(1.11.8) 



4>{x) ■ Q{g) = g{x ■ g), \/g e l^, X eK. 
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In other words the operator <j){x) is the radial part of the operator x. 

The Bt>-action on W yields a linear map — >■ }iom{Wtfi,W). Composing it 
with the map in (1.11.7) we get a linear map 

(1.11.9) (/.:E^Hom(Wt,o,W)®D(,_^. 

It vanishes on the left ideal generated by dbL{l]'^)^ and dc{U'y by 1.11.6(a) and 
(1.11.8). Thus, by (1.11.5), it factors to a linear map 

(1.11.10) T° ^ End(m,o) <8) = B'o,^. 

Let ((> denote also this map. The identity (1.11.8) holds again for this new map (p. 
Thus (j) is an algebra homomorphism by 1.11.6(a). 

Step 5 : Finally we renormalize the map ^ in a suitable way, and we check that 
the new map satisfies the requirements in the theorem. 

If / G Z{¥') then we have E^'i{f) = 10£(/) by A.7 A{d). Thus <^^'(/) = igoif). 
We have also (f)z{u) = V{u) for each u G Z{1]'). Let tt G Fq be the expansion of the 
infinite product 

q-PtP JJ(1 - q'^'q-°')/{l - q^^'H'^ q''^) . 

i,a. 

Here i runs over all positive integers and a over all positive roots. Let <I> be 
the composition of and the conjugation by ^(vr)"^. The map <I> is an algebra 
homomorphism such that ^(/) = L'[f) for / € Z{¥'). By [EK, thm. 4] we have 
also ^{u) = L{u) for u G Z{U'). 

Now, we must check that #(T°) C Bq ;. The inclusion $(T°) C Do,* is a routine 
computation using the inductive construction of V in op. cit. Let us concentrate 
on the S„-invariance. Fix an element x G T*'. We know that $(x) G Bg,*. We 
must prove that it is 5]„-invariant. To do that we'll use the following refinement of 
1.11.6. For A G X there is an unique nonzero intertwiner 

gx : M(qHP) ^ Wt ^ M{qHP), 

up to a multiplicative scalar, because M^q^t^) is an irreducible Verma module. 

1.11.11. Lemma. 

(a) IfX + pe X+ then vr" V(5a) e " • 

(b) Fix D E Wq^. If Dg{gx) = for all weight A which is far enough in the 

dominant Weyl chamber then D = 0. 

(c) For each x G T° there is a finite subset A' C such that x ■ g\ belongs to 
Ea'sA' I{^t, y{\') ® M{qHP)) for all weight A. 

(d) For each X' e X the module V{X') (8> M(qHP) admits a flag whose quotients 
are isomorphic to the Verma modules M{qPtP) such that fi — X belongs to the 
multiset of weights ofV{X'), counted with their multiplicites. 

By 1.11.11(c), (d) there is a finite subset A' C X such that x ■ gx is a linear 
combination of the intertwiners with G A + A' for each A G X. If A is far 
enough in the dominant Weyl chamber then we have A + p + A' G X^. So 1.11.8, 
1.11.11(a) imply that 



{<^{x) -w^{x)) -TT-^gigx) = 0, Vu; G S, 
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Therefore ^{x) is 5]„-invariant by 1.11.11(6). 

□ 

Proof of 1.11.11 : (a), (6) are proved in [EK], (c) is left to the reader and {d) is 
well-known. 

□ 

2. Roots of unity 

2.1. Reminder on Poisson geometry. 

Let A be any CNID. By a Poisson A-algebra we mean a commutative affine 
A-algebra with a Lie bracket satisfying the Leibniz rule. A Poisson A-scheme is a 
A-scheme X such that 0{U) is a Poisson A-algebra for each open set U d X. A 
Poisson group is a Poisson group A-scheme whose structural morphisms are Poisson 
homomorphisms. In the same way we define a Poisson action of a Poisson group 
on a Poisson scheme. See [L3] for backround on Poisson geometry. 

Let D = 0"^ and let G C denote the diagonal subgroup. Consider the groups 

= {g"" = {uZ^h-\u+h) eD;u±e U±, heH}, = G x G^ . 
We'll use the following notation in g 

i 

We equip g with the nondegenerate invariant bilinear form ( : ) such that 

(;iA:^A') = A-A', X,X'eX. 

Let c) = X g, the Lie algebra oi D. It is equipped with the nondegenerate invariant 
bilinear form given by 

(2.1.1) {ix,x'):{y,y')) = -{x:y) + {x' -.y'). 

This yields a linear isomorphism 

: c)* ^Z). 

It factors to an isomorphism (t : (s^)* — >■ 0- Let ft denote also the inverse map 
— ^ (0^)*- Prom now on it will be simpler to use the following notation 

g*=gV^ G*=G^, D*=D^. 

Equip G with the Drinfeld-Sklyanin bracket and G* with the dual bracket. Let 
X be a Poisson scheme with a right Poisson G-action. The infinitesimal action 
of X G on X is a derivation x\> of Ox- For / G 0{G*) we abbreviate /" = 
tt(de/), an element in g. A G-equivariant Poisson moment map is a Poisson algebra 
homomorphism d : 0(G*) — )■ 0{X) such that 



(2.1.2) 



{df,<p} = {fli>ip)df2, yf,^. 
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Here the map / /i (8i /2 is the comultiplication of 0{G*). Let U C X he a G- 
invariant open subset. It is well-known that 0{U)'^ C 0{U) is a Poisson subalgebra. 
Let / C 0{U) be the ideal generated by dOiG*y. The Poisson bracket on 0{U) 
yields a Poisson bracket on the algebra B = {0{U)/I)^ such that the obvious map 
0{U)'^ — ^ B is a Poisson algebra homomorphism. 

We define Poisson brackets on the groups D, D* as follows. Let 5 be the Lie 
algebra of D. We define a bivector ttq € A^t> by the formula 

{■Ko : X Ay) = {x - X* : y) - {x* : y). 

Here x* G 0*, the Lie algebra of G*, and x — x* G g, the diagonal of 9. The bivector 
field on D is given by iTD{d) = d \> ttq + ttq < d where >, <i are the left and right 
translations. The multiplication in D gives the etale map 

D*^D, ig,gn^{g,9)g*- 

Thus the Poisson bracket on D lifts to D* . Let ttg, ttq* , ttu* be the Poisson bivector 
fields of G, G* , D* . An explicit formula for ttd* is given in A. 8. 6(a) below. Recall 
that Ge C G is the open Bruhat cell. We set 

£»E = {(5, h)eD;he Ge, ghg-^ G Gs}. 

2.2. QDO on G at roots of unity. 

Now we collect several facts on quantum groups at roots of unity. The reader 
may skip this section and return when needed. 

Recall that K. is an extension of Q{q). Let .A C /C be a subring such that 
/C = Frac(^). We'll assume that Z[q,q~^] C A. Fix an unit t E A. Let A ^ A 
be a ring homomorphism. Let r, G A be the images of q, t. Let I be the order of 
T in the multiplicative group of A. We'll be mainly interested by the case where 
I is finite. In this case we'll always assume that / = p^, an odd prime power with 
e > 0. Occasionally we may use an A-algebra k. We'll always assume that A, A, 
k are CNID with global dimension ^ 2. We'll set K = Frac(A). Unless specified 
otherwise we'll also assume that 

is a diagram of local rings and that the residual characteristic is zero or is large 
enough. We'll call {A,A,k) a modular triple and A), (A, k) modular pairs. 
Examples of modular triples are given in 2.2.5 below. 

For any ^-module we abbreviate Va = (g) A. If Z is finite we'll write 
Va = Va- If the ring A is clear from the context we'll drop it. 

We use the following notation for g-numbers : [r] = {q^ — q~^)/{q — q~^) and 
[r]! = nl=i['5]" ^'^^ each a; G U we call x^^^ = x^/[r]\ the quantum divided power. 

Let C U be the Lusztig lattice, as defined in [DL, sec. 3.4]. See also [BG3, 
sec. HI. 7] for a review. It is the ^-subalgebra generated by ea\ fa \ kx and 

^A^^ = lVs=i{kxq^~' - - 1)"^ where a £ S, r £ Z+ and X E X . 

Let C U be the Deconcini-Kac-Procesi lattice used in [DP, sec. 12.1]. See 
also [BG3, sec. III. 6] for a review. It is the ^-subalgebra generated by the elements 
fa and k\. Here a is a simple root and X E X. 
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Let Uo,^, Uo,^ be the corresponding Cartan subalgebras. Recall that we have 
fixed a reduced expression for wq. This yields an ordering /3i ^ /32 ^ ■ • • ^ Pn of 
the positive roots. For any sequence m = {mi) of integers ^ we set 

(2.2.1) \m\=^mi^i. 

i 

Given two sequences m = (mj), n = (nj) as above we define the monomial 

e-kAh = • • • eZkxf^: ■ ■ ■ 

These monomials form an ^-basis of U^. 

Let F_4 C F be the Hopf ^-algebra dual to U^, i.e., the sum of the coefficient 
spaces cf (Fa(A)), A G X+, of the U^-modules of type 1 which are free of finite rank 
as ^-modules. It is known that F_4 is a free ^-module. 

Set F^ = F^ as an ^-module with the multiplication m' from section 1.7. Set 
also = U^'^ as and ^-algebra with the coproduct from section 1.10. 

The other lattices are defined in a similar way. For instance = F^ as 
a ^-module with the multiplication in section 1.10, u|^' = U®^ as an ^-algebra 
with the coproduct in section 1.7 (up to some completion), = k(F^), (U^)^ = 

F^ttU^, = ¥^^V'^, Ea = G^tt(U;4)P], etc. 

Now let us assume that / is finite. Let il be the hyperalgcbra of G, an A- 
algcbra. Let u C U be the image of the canonical map U — > U, a normal Hopf 
subalgebra of U. See [LI, sec. 5.3] for a proof of the normality of u. Lusztig's 
Frobenius is a ring homomorphism : U — )■ il, see [L2, sec. 35], [DL, thm. 6.3]. 
The kernel of (j) is generated by the augmentation ideal of u. Therefore, given a 
module V G Alod'*(U) such that u acts trivially on V, the representation of U on 
V factors through <f>, yielding a representation of it. Since V is locally finite, this 
is indeed a representation of G. We define Utt, in the same way. Note that 
our definition of u differs slightly from Lusztig's restricted quantized enveloping 
algebra. Indeed Lusztig's algebra has rank 2"/" while u has rank Z" . 

Let U C Z(IJ) be the A-subalgebra generated by the elements 

zx = k{, yoc = iUa), x^ = e^cc^ VaGn+,VAGX 

We'll abbreviate Xi = Xc^, Vi = yen and Zi = for all i E I. Let T C Z{F) be 
the A-subalgebra generated by the elements 

(cii)^ i,i = l,2,...n. 

It is known that U, T are Hopf subalgebras of U, F. They are also direct summands 
as A-modules. We'll set 

U' = «;(J^), V = £{J^) a>(W'), = £{J^) d^{U). 

We define the following maps 



(2.2.2) 



So : G* ->■ G, g* ^-^ u+h'^U-, 
a:G^G, V- 
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Here the upper-script holds for the transpose matrix. Note that Sq is an etale cover 
of So{G) = Gj: and that a is an involution. Consider the composed homomorphism 

s = aoso : G* ^ G. 

Setting h = l{q^ — q~''), l{q^ — 1) respectively in A. 10.2 we define Poisson brackets 
on U, T . An explicit computation shows that they are defined over A. The following 
is proved in section A. 8. 

2.2.3. Proposition. 

(a) The A-algebras Ua, ^a, and Bt>_A o-re NID. The map k : 

is an A-algebra isomorphism. We have C Ua- Further Fa, Ba 

are \}\-algehras and is an {adV a) -algebra. We have ^(U^), 9<(U^), 

c>2((U^)P]) cDa andtP(OA^O'j^),d3(M'j^) CEa- 
(h) The map k factors to an algebra isomorphism ^ W . The maps d^, 

factor to algebra homomorphismsW — >■ T>. Further W , U are (adG) -algebras, 

T , V are G'^ -algebras and n : F commutes with the adjoint G-action. 

(c) There are Poisson-Hopf algebra isomorphisms 

lu:0{G*)^U, If:0{G)^T. 
The map is G^-equivariant. The algebra homomorphism 

lu' = '^oiF:0{G)^U' 
is {adG)-equivariant and lu' = There is a G'^ -algebra isomorphism 

3o : 0{D) ^ V. 

2 

(d) We have that F is a free T -module of rank l^ , u is a free A-module of rank 

2 2 2 

, U is a free U -module of rank and U' is a free W -module of rank Z" . 
Further T> C 2(0), Z^D') andD, D' are free V- modules of rank l^"- . Finally 
J- C Z{F') and F' is a free T-module of rank I"' . 

(e) The Xj^ -action on F, D preserves the subalgebras T , V. The adjoint \J -action 
on F' , D' preserves the subalgebras T , T>. 

(f) Assume that A = C. We have V ~ Z(D), Z{Ti') and ~ Z(D>). There is 
a Poisson algebra isomorphism 0{D*) — ^ I?[>. The algebra D[> is a maximal 

2 

order of PI- degree P and a Poisson 0{D*)-order. 

Note that D, D' are not Azumaya algebras, but wc have a precise information 
on the Azumaya locus. Let Ds be the localization of D at 9[>(S) U d^{T,) and 
be the localization of D' at 02tU2(S S). The following is proved in section A. 8. 

2.2.4. Corollary. // A = C then Ds, are Azumaya algebras over Dy, of PI- 
degree P . 

We'll make a special use of the modular triples (.4|,, A|,, k|,), (^c)Ac,kc) below. 
We'll indicate an A|,-module by a subscript b and an Ac-module by a subscript c. 
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2.2.5. Examples. 

(a) Given r,C G we put = C[q^^ ,t^'^]/ {q - T,t - (). Let A\,, A^, be the 
local ring of C[q^\t^% C[g±\t±^]/(g - r) at k^. So is a DVR. We'h 
write Kb = Prac(A[,). We'll abbreviate kt, = C, hopping it will not create any 
confusion. 

(6) Fix c = k/m € with {m,k) = 1. Let = Spec t±i]/((j*= - t™)). 

Fix (r, C) G rc(C) with r a root of unity of order I = p^. We define A^, C C 
as the localization of the subring of C generated by r, C at a finite field kg of 
characteristic p such that r maps to 1 in k^,. So A^, is a DVR. Let Ac be the 
local ring of Fc at kg and Kc = Frac(Ac). See section A. 8 for details. 

2.2.6. Remarks. 

(a) If r = 1 then we have U = 0{G*), F = 0{G) and U' = 0{G). See [DP, 

sec. 12.1] for the first isomorphism. 
(6) The map in 1.10.3(a) yields linear isomorphisms Ma (^Ba ~^ and M.\ (8> 
^ §1. 

(c) The G^-action on D in 2.2.3(c), (1.8.1) is given by 

{h,h')>ig,g') = ihgih')-\hg'h-'). 

(d) Let X, X be as in (1.11.1). The A-algebra (U^)^ is generated by {/«(cjj) — 
g-2t2<5,^.}. Thus {U'Y is generated by {^[/'(q,) - 

(e) The A-algebras M^, §1 are ID. Compare 1.9.1(6), 1.10.3(6). 

(/) The subscripts i, * indicate quotient rings as before. The A-modules FA,i, 
ID)A,i, ^A,i are flat. Indeed it is enough to prove that F^_j is X-fiat for A = 
Z[g^^], and this follows from the fact that is ,4-flat and F^^j is F_4-flat, 
see [MR, prop. 2.1.16(iz)]. 

2.3. Lattices and invariants. 

In this section we collect some fact on invariants. The reader may skip this 
section and return when needed. Fix a modular triple (.4, A, k). For each m G Z 
there is an unique /C-algebra homomorphism 

(m) : U^/C, A;a ^ g"""^"'^. 

It maps to A. Thus it yields an A-algebra homomorphism 

(2.3.1) (m) : Ua ^ A. 

Given V G Aiod{i]A) we define a new UA-module V{m) by tensoring V with (m). 
Consider the following space of semi-invariant elements 

(2.3.2) ■^^^ = ^""^ ^™ = {V{m)f^. 

If V is an UA-algebra then is a -graded A-algebra. 

Let (U^ C be the A-subalgebra generated by {Ki{cij) — Sij;j ^ 1} and 
Iv,A C be the right ideal generated by {V'^^aT- Let I^^a C Da, Is,a C Fa 
be the left ideals generated by (?<(U^^)^, (?6<-(U^ ^)^ respectively. We have free 
A-modules 

Va = V'JIv,A, Ma = Oa/Ir.a, Sa = ^a/Is,a- 



30 



M. VARAGNOLO, E. VASSEROT 



Lef^FAjF^ C Fa be the A-subalgebras generated by the sets {cu}, {cu}- Note 
that Ma is the locaUzation of R+,a = Fa (8i''Fa at 1 (g) cn, see 1.7.2(6). 
For any A-module V we abbreviate = V'^^'^. Let 

Bi = {BAr, Ri = {RAr, sx = (SAr. 

By 1.5.2 there are A-algebra structures on BJ, M.\ and Compare with the 
/C-algebra structures on B'^, R"^ and S'^ in sections 1.9, 1.10. 

Recall that an clement a E A acts regularly on a A-modulc V if its annihilator 
in V is {0}. The following are proved in section A. 11 using good filtrations. 

2.3.3. Lemma, (a) Let V G A^od'^ (Ua) • If V is a flat A-module then is 
again a flat A-module. Ifk = A/aA and a acts regularly on V then we have 

V+ ®kC. {V®k)+. 

The same properties hold with for each V G A1od'^(U^,A)- 

(b) We have (D^)+ ® k = (Bg+, B^ ®k = and (Fa'o'^Fa)'' ® k = FJ ®^Fk. 

2.3.4. Proposition. 

(a) There are inclusions of flat A-modules Sa C Sa.z and Sa *^ z f'^''" ^o,ch i. 
(h) The natural map EJ^ i — ^ §1 i surjective for each i. 

(c) We have Sa (8) k = Sk and s'^ (g) k = S]J. 

(d) The A-modules Ma; ^\ share the same properties as Sa; SJ. 

Let Ja C Sa t>e the left ideal generated by dciji'^)^, where x is as in 2.2.6(c). 
Consider the UA-equivariant §^-module 

(2.3.5) Ta = S1/Ja. 

Taking semi-invariants we define 

Wc do not know if these A-modules are flat, but the following is enough to our 
purposes. It is proved in section A.ll. 

2.3.6. Proposition. 

(a) We have Ta <8> k = Tk. 
(h) We /iaueSX'+«)k = §;^'+. 

(c) Assume that p is large enough. The Ac-modules Tc, are flat. We have 
isomorphisms of graded kc-vector spaces (g) k^ = Tj^^. 

2.4. QDO on P"-^ at roots of unity. 

Let (A,k) be a modular pair. We'll assume that I is finite and k is a field. 
This section is a first step towards section 2.7. Here we introduce a coherent sheaf 
of algebra over a scheme closely related to 7"*p"-i. This sheaf is a quantum 
analogue of the ring of differential operator over P"~i in positive characteristic. 
First, we need more notation. Set 

A" = Spec A[t;i, . ..Vn], 

A"'* = Spec A [(/?!,... 

A^ = {i>G A";t;i + l/0}. 
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Set r*A" = A" X A"'*. A point in r*A" will be indicated by the symbol 
Consider the following A-schemes 

= {{v, if ) e r*A"; 1 + Vi^i ^ 0}, 
= {{v,(p) eR^;ip^ 0}, 
i? = G X A^. 

Note that there is a map 

mR-.R^^^G, {v,(p) ^ {e + v ® (p)~^ . 

Equip A" with the obvious G-action and A"'* with the dual one. Let C G 
be the isotropy subgroup of vi . There is a G-action on R^^ and a G,r x G-action on 
R given by 

(2.4.1) h>{v,(p) = {hv,(ph-^), {h',h)>{g,v) = {h'gh-^,h'v). 

Note that Ir = V n 1r is an ideal of V. Set 'R = V/Ir. The U° (g) U-action on 
R yields a G^r x G-action on TZ by 2.2.3(6). Set TZ^ = VP^ . The canonical map 
D — > R yields inclusions 

(2.4.2) 7^ C R, 7^'' C R''. 

The following is proved in section A. 12. 

2.4.3. Proposition, (a) The map Id yields a Gtt x G-algebra isomorphism Ir : 
0{R) — )■ TZ. Further Rt^ ~ Spec {TZ'^) and R is a G-j^-torsor over i?^. 

(b) We have d(,}u'{0{G)) C 0(^^). This yields an algebra homomorphism 
Hr : 0{G) — > 0{Rt^). It is the comorphism of the map niR. 

(c) The 0{R) -module R is free of rank T . The 0{R„) -module W is a free 
of rank Z^". 

The map 5^ o i is a QMM for the u^-action on D^j = D ®o{d) 0{R). The 0{R)- 
algebra T)R//\iTr is Gtt x U-equi variant. Faithfully fiat descent yields an equivalence 

Mod{0{R),G^ X U) ^ Qcoh{pR^,\J). 

Let £H be the image of Y)r//\It^ by this equivalence. It is a quasi-coherent sheaf of 
C?fl^ -algebras over R^. We define the open subset 

R7T,T. = {{v, <yc) G -Rtt; mR{v, f) € Gs, (pi / 0}. 

The following is proved in section A.12. 

2.4.4. Proposition. The sheaf of Or^ -modules £H is coherent. If A = C it gives 
an Azumaya algebra of PI- degree Z" over Rt^^s- 

2.4.5. Remark. The Z-grading on in 1.9.2(6) yields the grading on 0{Rt^) 
associated with the GTO,-action on R^^ given by z ■ {v, (p) = {z~^v, zip). Note that we 
have deg{(pi) = 1. 
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2.5. QDO on G X P"-^ at roots of unity. 

Let (A,k) be a modular pair. We'll assume that I is finite and k is a field. 
This section is a second step towards section 2.7. Using the results from section 
2.4 we introduce a coherent sheaf of algebra over a scheme closely related to 
T*(G X P"~^). This sheaf is a quantum analogue of the ring of differential operator 
over G x f^-'^ in positive characteristic. 

Consider the A-schemes 

S = D X i?, Stj- = D X -Rtt, Stj- = D X -Rtt, 'S'tTjS — X -Rtt^S- 

By 2.2.3(c), 2.4.3(a) the maps Id, Ir yield the following A-schemes isomorphisms 

(2.5.1) Spec (5) ^ S, Spec {S"") S„, 

where 5 = 7^ (g) D and = 7^'' (8> D. 

By 2.2.6(6) we have an A-linear isomorphism R (g) D' — >■ S. Composing it with 
the injections 0{R) C R and 0{D) c D' in 2.4.2, 2.2.3(d) we get an inclusion 

(2.5.2) 0{S) C S. 

Recall that the general construction in 1.5.2 yields associative multiplications on 
S"", S"". By A.7.4(c), (A. 8. 5) the map (2.5.2) gives U-algebra embeddings 

(2.5.3) 0(5)cS"-, 0(5^)cS'^. 

Note that the U-action there is the adjoint one. Note also that 

0{S) C Z(S"-), 0{S^) C ^(S'^). 

Next, the U-action on S"'" factors to a G-action on 0{S) by 2.2.3(6), and the 
G7r-action on S"'" factors to a G7r-action on 0{S). So 0{S) is a x G-algebra 
and S"" is a G^^ x U-equivariant 0(S')-algebra. 

Further, we have a G^r-torsor S ^ hy 2.4. 3(o). Thus faithfully flat descent 
yields an equivalence of categories 

Mod{0{S),G„ X U) ~ Qcoh{Os^, IJ). 

This equivalence takes S"'" to a quasi-coherent sheaf of U- algebras over S.^. 
For a future use, note that the G-action on S.^ is given by 

(2.5.4) h>{g,g',v,^) = {hgh'^ ,hg' h'^ ,hv,iph-^). 
For s G ©(^Tr) let Sy^^g = {s ^ 0}, an affine open subset of Sy^. Put 

(2.5.5) -5^,0 = 1^ •S'ttjS) 

s 

where s runs over the set of semi-invariant elements in ©(Stt)"*" which are homoge- 
neous of positive degree. The following is proved in section A.13. 
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2.5.6. Proposition, (a) The Os^-module is coherent. 

(6) The Xj-modules ©^rl'S'Tr) o-nd &niS„^(^) are locally finite. 

(c) Let A = C. Then S-,r,^{C) is the set of tuples {g,g',v,(p) G ^^^(C) such 
that there is no proper subspace o/C"'* containing if and preserved by g, g' . The 
G-action on 5^^o is free. 

(d) Let A = C. The sheaf restricts to an Azumaya algebra over S-ji • 

(e) Let A = C. The variety is a Poisson G-variety. The sheaf is a Poisson 
order over St^. For each G-invariant open subset U C S^^ the algebra &Tr{U)^ is a 
Poisson order over 0{U)^. 

2.5.7. Remarks, (a) If r = 1 then S'^ = 0{S^). 

(6) By 1.10.3(6), 2.2.3(a) the map dc factors to U' S"" . By (2.5.3) we have 
an inclusion 0{S^) = 7^'^ ® P C S^. By A.7.4(6), 1.3.3(c) and (A.8.7) the map 
factors to an algebra homomorphism 

d,:U'^ 0{S^), K{f) ^ 5>/^(/i) ^{d^Kiifs) d^K{f2)), V/ G .F. 

2.6. Definition of the deformed Hilbert scheme. 

In this section we introduce the deformed Hilbert scheme. Let denote it by the 
symbol T. It is one of the main objects in the paper. We define also a Poisson 
bracket on T. Most properties of T we'll be proved latter, in section 4.1. In 
particular we'll prove there that T is smooth, connected and symplectic. We'h use 
some of these properties before section 4.1, hoping it wih not create any confusion. 

Let (A,k) be a modular pair. We'll assume that I is finite and k is a field. Fix 
c G Q^. Recall that a A|,-scheme is indicated by the subscript b and a Ac-scheme 
by the subscript c. For instance T yields the schemes T|,, Tc- 

Set [g, h] = g~^hgh~^ for each g,h ^ G. We have the A-scheme homomorphism 

ms : ^G, x = {g,g',v,(p) [g , g']{e + v ® cp) . 

Let T^ C be the Zariski closure of the ideal [ms — C'^'e) C 0{St^). Recall that 

S^ = DxR^cDx r*A". 

The G-action on S-^ preserves the subscheme Tjr by (2.5.4). By (2.3.2) we have 
subalgebras 

0{T^)+,0{T^f cO{T^). 

Both are affine Z+-graded A-algebras by [S, thm. II.4.2(i)]. For a future use, note 
that we have 

(2.6.1) 0{TX = 0{/ e 0{T^);f{hx) = (det /j)-/(x), m,x}. 

Now we can define the projective morphism 

q : T ^ iV, T = Proj(0(T,)+), = Spec (0(T,)°). 

We'll call T the deformed Hilbert scheme. See section 4.1 for more details on T. 

Let T = S'^ /J', where ^7 C iS^ is the ideal generated by dc{U')^. It is an affine 
G- algebra. 
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2.6.2. Proposition. 

(a) We haveT ^0{T^). 

(b) // A = C then T is a smooth symplectic variety. 

(c) The A\, -schemes T^^b, T[, and N\) are integral and flat. We have T\,®C = Tc. 

(d) Assume that p is large enough. The Ac-schemes Tt^^c, Tc and are integral 
and flat. We have Tc®K = . 

Proof: (a) Composing ^u', and (2.5.1) yields an algebra homomorphism 

IIS : 0{G) ^ 0{S^), f ^ hi{h) ® hi{h) ® I^rUi), V/ € 0{G), 

see 2.5.7(6). It is the comorphism of the map 

^ G, X 1-^ ms{x)~^. 

Thus 2.2.6(d) yields an isomorphism T 0{Tt^). 

(6) Assume that A = C. Let us construct a Poisson bracket on T. The smooth- 
ness of T and non-degeneracy of the bracket we'll be proved in 4.1.1. For each 
homogeneous element t G 0{Tt^)^ of degree > we set 

(2.6.3) T^^t = {xeT^;t{x)^^}, Tt = T^JG. 

We have T = (J^ Tj, an affine open covering. The comorphism of the closed embed- 
ding C -Stt is a surjective map 

0{S^) ^ 0{T^). 

Taking G-invariants is an exact functor over C. Thus the restriction to yields a 
surjective map 

(2.6.4) 0(5,)+ ^ o(r,)+. 

Fix a homogeneous element s € ©(Stt)"*" which maps to t. Recall that 0{St^^s) is a 
Poisson G-algebra by 2.5.6((i). Thus 0(5,r,s)° is again a Poisson algebra. Now, the 
map (2.6.4) yields a surjective algebra homomorphism 

(2.6.5) 0{S^,sf ^ 0{Tt) 

whose kernel is generated by dciU')^ . Wc claim that there is an unique Poisson 
bracket on 0{Tt) such that (2.6.5) is a Poisson algebra homomorphism. 
We have C = A/ {q — r) where A = C[g'''^]. Consider the C-linear map 

(2.6.6) au -.V ^Va 

taking e"^k\L{f"') to itself for each m,n, A. There is an unique C-linear map 

(2.6.7) ly.U^t, u^iyiu) 
such that u{u) is the specialization of the element 

{au{u)-e{u))/heiJA, h=l{q^-q-^). 
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Next, recall that_0{S^) C S'' by (2.5.3) and that S'^ = S^(g)C by 2.3.4(c). Thus 

any element of 0(3^^) lifts to S^. Let { , } denote the Poisson bracket on 0(3^^) 
constructed in 2.5.6(e). The map (9^ : ^ factors to W 0{S„) by 2.5.7(6). 
A routine computation using (1.5.1) yields 

(2.6.8) {dc{u),x} = (adi/(txi))(a;) 5^(^x2), Vx G 0{S^),u G W. 
Compare (2.1.2). Consider the C-linear map 

7 : U ^ C, (Tkxiir) ^ A • a;„ if m = n = 0, else. 
A short computation using (2.3.1) yields 

{m)v{v) = m'^{u) /2l, yu&U,m&'Z. 

Hence (2.3.2) yields 

(adi^(u))(x) = m-f{u)x/2l, yueU,x e S'"'™,™, G Z. 
Therefore, from (2.6.8) and the Leibniz rule we get 

{d,{u),o{s^,,f} = o, yueW. 

Hence the Poisson bracket on 0{St^^s)^ factors to 0{Tt) by (2.6.5). 

(c) Now we set A = A^. Let us prove that T^^^ is an integral scheme. First, we 
prove that the A|,-module 0{T„^i,) is flat. Recall that A|, is a DVR with residue 
field C. We must check that the A|, -module 0(r^ 1,) is torsion-free. If it was false 
there should be an irreducible component of T^-^f not dominating Spec(Ab). This 
component would be a C-schcmc of dimension > 2n + because f is given by 

equations and dim(5^^^[,) = 2n^ + 2n + 1. On the other hand, since taking tensor 
products is right exact we have 

(2.6.9) T^,b ® C = T^,c- 

Further all irreducible components of Tt^^c have dimension 2n+nP by 4.1.1(6) below. 
This yields a contradiction. 

Next, since ©(T^^) is a flat A^ -module we have 0(r^,b) C ©(T^^kJ- Thus 
©(T^^b) is a CID by 4.1.1(6). 

As N\, is the categorical quotient of T^^\, it is also integral. For a similar reason T\, 
is integral. Finally we must prove that T\,'S)C = Tc- Recall that T = Proj(0(T7r )"'"). 
Thus the claim follows from (2.6.9) because taking G-semi-invariants over C is an 
exact functor. 

(d) Now we set A = Ac. Assume that p is large enough. Let us prove that T^^^c 
is an integral scheme. Assume temporarily that A = Z[t\ and C = ^- By generic 
flatness there is an element ^ f{t) G A such that the Aj-module 0{TT^)f is flat. 
We may assume that /(C) 7^ in kc because p is large. Thus /(C) is invertible in 
Ac. Hence the morphism T^^^c — )■ Spec (Ac) is flat. Since Kc C C this implies that 



o(r,,c) c 0(r,,c). 
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Now ©(Ttt^c) is a CID by part (c). Hence Ttt^c is an integral scheme. 

Observe that S'^ (S)K = <S^^ by 2.3.4(c). Recall that 5^ = 7^;y (g) and recall 
the notation from (1.2.1), (1.2.2). It is easy to see that the natural map C 
yields isomorphisms 

<S- ® ke = (SlY, Jc®K = ( Jke ) • 

Therefore there is an isomorphism of kg-algebras 

Te ® ke = (5^ ® ke)/(Je ® K) = (5^j7(^k J • 

Therefore, since T^^^c is reduced, part (a) and (1.2.2) yield an isomorphism of kc- 
algebras 

C»(r,,,)(8ke = 0(T,,kj'. 

So there is a kc-scheme isomorphism 

(2.6.10) i;,c®k,^ (r,,kj^"). 

The rest follows as in part (c), taking G-semi-invariants, because p is large. 

□ 

2.6.11. Remarks, (a) If r = 1 then T = 0{T^). 

(b) Note that 0{T^ f is a Poisson algebra but 0{T^)+ is not. Indeed the ho- 
mogeneous coordinate ring of a projective Poisson variety may not be a Poisson 
algebra. 

(c) The variety T^^ appears already in [O, sec. 1.2] where it is denoted CM'^i. 

2.7. QDO over the deformed Hilbert scheme. 

Let (A, k) be a modular pair. Assume that / is finite. In this section we construct 
a coherent sheaf of O-r-algebras T over the deformed Hilbert scheme T. This is done 
by quantum reduction from the sheaf of U-algebras ©tt over 5^. We'll prove latter, 
in section 4.2, that T is an Azumaya algebra over T. Here we'll check that it is a 
Poisson order over T and that it behaves nicely under base change. 

Recall the U-equivariant S'^-module T = S'^/J in (2.3.5). The general construc- 
tion in (2.3.2) yields A-submodules 

T°,T+ C T. 

2.7.1. Lemma. The following hold 

(a) T is an XJ-equivariant 0{T-,^) -module of finite type, 

(b) T" is a G-equivariant 0{T^)-algebra and a 0{TT^)-module of finite type, 

(c) T+ is a Z^-graded 0{Tt^)^ -module of finite type, 

(d) T° is a 0{N)-algebra and a 0{N)-module of finite type. 

Proof: (a) By 2.6.2(a) we have 0{T^) = 0{S^)/J. Further (2.5.3) yields an U- 
algebra homomorphism 0(5^) — ^ S'^ which maps J into J. Thus the S'^-action on 
T yields a U-equivariant C>(T7r)-action on T. 

(6) Equip T" with the multiplication in 1.5.2. Note that T" C T is an U- 
submodule because u C U is a normal Hopf subalgebra. The U-action on T" 
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factors to a locally finite il-action. Thus T" is a G-algebra. It is also a C(r^)- 

module by part (a). So it is a G-cquivariant 0(T7r)-aIgebra. Finally T" is a finitely 
generated C)(T7r)-module by part (o) again, because ©(T^) is Noetherian. 
(c),((i) Use [S, Thm. II.4.2(m)]. 

□ 

Next, there are localization functors 

(2.7.2) Mod{0{T„),G) ^ Qcoh{OT^,G), gr{0{T^)+) ^ QcohiOr). 

Let Tjr, T be the images of T", T+ respectively by (2.7.2). They are coherent 
sheaves by 2.7.1(6), (c). 

2.7.3. Proposition. Fix c G . 

(a) The OT^-module %c is Ac-flat. 

(b) Assume that p is large enough and that {t,() £ rc(C). The natural Ore- 
module homomorphism (g) C — >■ Tc is surjective. 

Proof : Recall that the sets Tt in (2.6.3) form an afiine open cover of T with 

^m) = T(,). 

(a) The Ac-module Tc,(t) is flat by 2.3.4(c). Thus 1c is also Ac-flat. 
(6) We must prove that the natural map below is surjective 

Tb,(t)®C-^Tc,w. 

Note that both sides are C'(Tc,t)-modules by 2.6.2(c). The restriction of functions 
yields a surjective algebra homomorphism 

(2.7.4) 0{S^)^0{T^). 

Recall that S'^ is an 0(5^) -algebra by (2.5.3) and that T is an 0{T^)-module by 
2.7.1(a). So T can be viewed as a C'(57r)-module via (2.7.4) and the canonical map 
S'^ — >■ T is an 0{S T^)-modu\e homomorphism. 

If A is any C-algebra the map (2.7.4) gives a surjective algebra homomorphism 

OiS^)+ ^ 0(T,)+. 

Compare (2.6.4). Given t € 0{Tt^)^ we may fix a homogeneous element s G 0{St^)~^ 
which maps to t. The canonical map S"^ ^ T yields a map 

/ ■ ^ 

which is compatible, in the obvious way, with the surjective Poisson map (2.6.5) 

OiS^,,f ^ OiTt). 

Now, we take A = A^ or C. To unburden the notation, when A = C we'll omit 
the subscript C. The maps /t,, / yield a commutative square 
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We must prove that the right vertical map is surjective. The left one is invertible 
by 2.3.6(6). Thus it is enough to prove that the map / is surjective. We would like 
to apply a quantum version of A. 11. 3. Since we do not know how to do this, we 
use Poisson orders. More precisely, recall that 

See (A.13.2). Thus S[^) is a Poisson order over 0{S^^sf by 2.5.6(e). Further T(t) is 
a Poisson order over 0{Tt) and / is a Poisson order homomorphism by 2.7.6 below. 
See section A. 10 for more details on Poisson orders. 

Let M be the cokernel of /. It is a Poisson order over Tt by A.10.3(c). Next Tt is 
a smooth symplectic variety by 2.6.2(6). Thus M is a projective 0(Tt)-module by 
A. 10. 3(a). Note that Tt is connected, see 4.1.1(c). Therefore it is enough to prove 
that M vanishes at the generic point of Tt. 

By base change it is enough to prove that M^. vanishes over the generic point of 
Tc^f We may assume that s G O^St^^c)'^ and t G ©(T^^c)"*"- Since r = 1 in kc and p 
is large we have 

S;:^=0(5^,kJ, Tk, =0(T^,kJ. 

See 2.5.7(a) and 2.7.7 below. Hence /k^ is surjective by A. 11. 3. By 2.3.6(6), (c) we 
have 

So Mc (8) kc = 0. Observe that Mc is a C(rc^t)-module of finite type and that a 
module of finite type over a CID which vanishes at some closed point is generically 
trivial by Nakayama's lemma. We are done. 

□ 

Recall the set S'^^o introduced in (2.5.5). There is a canonical map 
(2.7.5) p : T,,^ ^ T, T,,^ = n 5^,^. 

Now we assume that A = C. By 4.1.1(a) below, the map p is a G-torsor. 

2.7.6. Proposition. Let A = C. We have T = pH<(l7r|r„, J^- The sheaf % is a 
Poisson order over T. 

Proof: Let s G ©(^tt)"*" be homogeneous of positive degree and let t G 0{Tt^)~^ be 
its image by the map (2.6.4). The first claim is obvious, because we have 

'Z{Tt)=T^t)='^AT.,tf. 

Let us concentrate on the second claim. We have C = A/ (q — r) where A = C[q^^]. 
By (2.5.3) we have an algebra embedding 

0{S^) c Z(S-). 

By 2.3.6(6) we have also 

Fix a C-linear section as : 0{S^)+ S^'+. By A.10.2(6) the commutator in 
yields a linear map 

e : 0{S^)+ ^ Der(S^). 
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Let { , } denote the Poisson bracket on 0{St^) constructed in 2.5.6(e). We have 

e{x){x') = Vx,x' G 

By the Leibniz rule the map yields a C-linear map 

^:0(5^,,)°^Der(S:). 

By definition of the Poisson bracket on 0{Tt) the map (2.6.5) is a surjective Poisson 
algebra homomorphism 

We must prove that 6 factors also to a linear homomorphism 

e : (D{Tt) ^ Der(T(t)). 
This is routine and is left to the reader. Compare the proof of 2.6.2(6). 

□ 

2.7.7. Remark. If r = 1 then T = 0{T^). 

2.8. The deformed Harish-Chandra homomorphism at roots of unity. 

Now, we specialize the deformed Harish-Chandra homomorphism $ : T° ^ Dq ^ 
in 1.11.4 to roots of unity. Set A = C and assume that I is finite. Consider the afHne 
open subset = p(T^^*) defined in section 4.1. The main result of this section is 
the following. 

2.8.1. Theorem. Assume that p is large enough. 

(a) The deform,ed Harish-Chandra homomorphism factors to an algebra homo- 
morphism %{T^) Dq^^. 

(6) The deformed Harish-Chandra homomorphism factors also to a Poisson al- 
gebra homomorphism 0(Ti,) — >■ V^'l. 

Proof: (a) Recall that for each tuples m, n of integers ^ we have a monomial 
u = e^kxL{r) in U^. Set 

\u\ = \m\ — |n|, deg(M) = p ■ \m\ + p • |n|. 

By [EK] for each u there are monomials ui,U2, ■ ■ ■ Ur G and elements di,d2, ■ ■ ■ dr G 
(g) O'o^y^^^ such that 

deg(ui), . . . deg(M^) < deg(u), 

r 

[l-q-\^\-\"'\^q-\"'\)Viu) = ^diViui). 

i=l 

Recall that q~\"^\ is the element ^(g"'™') € Dq ^. So an induction on deg(ti) implies 
that 

Thus the map (1.11.7) factors through a map 
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It vanishes on the left ideal generated by dbL{V^ _^)^ and 5c (U^)^. 

Now, assume that (.4, A) is any modular pair. By base change we have again an 
A-linear map 

which vanishes on the left ideal generated by dbi{l]'^ j^)^ and dc{U'jJ^. Observe 
that (1.11.5) and section 2.3 yield an A-algebra isomorphism 

<^w/x®eWu;,A)®ui). 

Hence the map factors through an A-linear map -^^'o a*- Compare (1.11.10). 
Composing it with the conjugation by ^(tt) we get an A-linear map 

Next, recall that we have proved in section 1.11 that ^jc factors to a /C-algebra 
homomorphism 

Observe also the following easy fact. 

2.8.2. Lemma. Let A be a CID with fraction field K. Let A, B he A-algebras. 
Assume that B is a free A-module and that B' c B is a suhalgehra which is a direct 
summand as an A-module. Let / : A — )• B be an A-linear map such that f (8) idx 
factors through a K-algebra homomorphism A K — )■ B' ® K. Then f factors also 
through an A-algebra homomorphism A B'. 

Thus we have an ^-algebra homomorphism 

Therefore we have the following commutative square 
(2.8.3) t t 

The lower map is an algebra homomorphism. Now, the proof consists of two steps. 

Step 1 : First, we set (.4, A) = {A\,,A\,) and we prove that factors through 
an A|,-algebra homomorphism 

(2-8.4) $b : 1(rb,*) ^ D^; 

Note that T(T[, ,t) is a localization of T°, see section 2.7 and 3A.l(b) below for 
details. By 2.8.2, (2.8.3) it is enough to prove that the obvious map below map is 
surjective 

The proof is the same as the proof of 2.7.3(6). We'll only sketch it. By 2.3.6(6) it 
is enough to prove that the natural map below is surjective 

f-.iSlf^T^K,- 
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Note that the spectrum of ©(TTr^Kj*^ is a smooth symplectic K|,-scheme by 4.1.1(c). 

Thus the cokernel of / is a projective 0(TKj-module by A. 10. 3(a). Now, let A be 
the local ring of Z[r, ("] C K|, at r — 1. The residue field of A is k = Fp(C). Since p 
is large enough the map 

(2.8.5) 0(5,,k)° ^ o(r,,k)° 

is surjective by A.11.3. Since r = 1 in k, by 2.5.7(a), 2.6.11(a) we have 

sz = o{s^,^), Tk = o(r^,k). 

So 2.3.6(6) yields 

By A.11.2 the A-module T is flat. Compare 2.3.6(c). Thus 2.3.3(a) yields an 
inclusion 

T0®kcO(T,,k)°. 
Since the map (2.8.5) is surjective the map / specializes to a surjective map 

(S^)°(8)k^T°®k. 

Hence Nakayama's lemma implies that the cokernel of / is an ©(TxJ-module which 
is generically trivial. Since it is also projective, the map / is surjective. 

Step 2 : Next, we take A = C. To unburden the notation we'll drop the subscript 
C at each place. Now, we prove that the map $ factors through a C-algebra 
homomorphism 

(2.8.6) $ : T(r,) ^ Dg^ 
By (2.8.4) we have the commutative square 

t t 

1(rb,,)0C ^ D^;, 

where the lower horizontal map is a C-algebra homomorphism. By 2.7.3(6) the left 
vertical map is surjective. This implies the claim. 

(b) By 2.7.1(a) there is a natural algebra homomorphism 

There is also an obvious inclusion Vq^ C Dq J. We must prove that the map $ in 

(2.8.6) takes C(T^,) into Pq,*- For each monomial u a computation yields 

(2.8.7) V{eiu) = (r-«'>l-2 ^ 5-"*) V(nei) + (e^ l)V(n). 

An easy induction using (2.8.7) yields elements am',m ^ U(8)Do,* such that l—am,m 
is invertible and we have 

V{e^u)= «m,m'V(«e'"'). 

|m'|^|m| 
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Therefore if u G Z{\J) there are elements bm',m £ U (8> Dq,* such that 

\m'\<\m\ 

A similar identity holds for V(t(/'^)tt). So for each u G Z{\J), A € X and each 
tuples m, n of integers ^ we have 

V(e™n) = V(e'")V(tx), V^/" )n) = V^/" )) V(n), V(za) = ^ 1- 

Thus the restriction of the map V to W is an algebra homomorphism. For each 
positive root a there are constants Cm,m' G -A. such that 

A(e^) = k-ic, ®e^a+ Cm,m'k-iim'\e^'^ ® e''"' modulo {q - T)l]f. 

Here m,m' are tuples of integers ^ such that ^ \m\ and \m\ + \m'\ = a. See 
also (2.2.1). So we have 

(l-l®g-'")V(x„)= Y Cr„,m'(e^'"®9-'l'"'l)V(e''"'). 

m,m' 

Further (2.8.7) implies that 

So an induction on the positive integer p • a shows that V(xa) & U ® Pq,* for each 
a. The same argument works also for V{ya), yielding the inclusion 

V(W) C W(8)Po,*- 

Hence we have 

Finally we must prove that the algebra homomorphism 

$ : 0{T,) ^ 

is indeed a Poisson algebra homomorphism. Note that C = A/ {q — r) with A = 
Clq"^-^]. The Poisson bracket on 0{STr)^ is computed by lifting elements into 
and computing their commutator there, see the proof of 2.5.6(e). Composing the 
^-algebra homomorphism 

with the natural map S^'*^ we get an algebra homomorphism §^'° — Bq ^ ^■ 

It factors to a Poisson algebra homomorphism 

by the discussion above. The theorem follows, because the map 

0(5^)° ^ 0{N) 

is a surjective Poisson algebra homomorphism. See the proof of 2.6.2(6) for details. 

□ 
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3. The double affine Hecke algebra 

3.1. Global dimension. 

Let (.4, A) be a modular pair with A = Z[q^^,t^'^]. The DAHA is the ^-algebra 
M. = EI_4 generated by t^, x\, with u;GS„, AgXjTtGP modulo the defining 
relations 

{tsi - t){ts, + t~^) = 0, ts.Xx - XsiXtsi =it- t~'^){xx - XsiX)/il - Xai), 
twtw' = tww' if i{ww') = i{w) + £{w'), Uts,t~'^ = t^{s,), 

xxx^ = xx+^i, Uxxt~'^ = x^(^x), xs = q~'^, x„o = 

The subalgebra generated by {t^xijiT^} is the Iwahori-Hecke algebra of the 
extended affine Weyl group S„ . It may also be viewed as the algebra generated by 
elements with -u) G S„ modulo well-known relations. 

Set yx-\' = trxi'try)'^ for each A, A' G X+. The multiplication in H yields a 
linear isomorphism 

(3.1.1) X(8)M2'~X(g)Ho(g)Y~Y(8)EIo(8)X~EI, 

where X, Y and Hq are the subalgebras generated by {xx;X G X}, {yx',X G X} 
and {tu,',w G S„} respectively. We'll set ti = t^. , Xi = x^. and yi = y^. . The 
Cherednik-Fourier transform is the automorphism : H — >■ H given by 

Xi^yijii, q,t I y yi, Xi,t^ , q ,t 

Write Ha = H (g) A. Recall that r, ( are the images of q, t in A. We call r 
the modular parameter and ^ the quantum parameter. The SDAHA (= spherical 
subalgebra) is 

SHa = {x G M^'jtiX = xti = tx,yi}. 

Set o = J2w t^^'^^tw Let G A be such that = tto o. If Qo is invertible then we 
have SHa = oHao. So SHa is a direct summand of Ha as an A-module. Hence it 
is a free A-module. Note that SHa is a X^" (g) Y^" -module of finite type, with X^" 
acting by left multiplication and Y^" by right multiplication 

3.1.2. Theorem. Assume that A is a field and that ao ^ 0. The ring Ha has a 

finite left and right global dimension. 

Proof: Let X^ C Xa be the subalgebra generated by {xi}. Let C Ha be 
the subalgebra generated by Hq^Aj Ya and X^. The multiplication yields a linear 
isomorphism from Xj H^ HJ. Equip H^ with the Z+-grading such that 

deg(a;A) = 1, deg(t^D) = 0, yXeX,w e S„. 

Let us prove that Ha has a finite left global dimension. Consider the 2-sided 
ideal / = J^i ^i^X ^f ^a- '^^^ following properties are immediate from (3.1.1) 

• for all i,j we have XiXj = XjXi, 

• for all h G H^ and all j such that Xjj^ih G Ylil=i ^ii^X we have h G X]i=i ^i^^A' 

• we have / = XjH^ = H^Xj, a proper ideal of Hj. 
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Therefore [MR, thm. 7.3.16] yields 

pdu+(H+//)=n. 

Recall that fd^+iUX/ 1) ^ pdjj+ (M^//), see [MR, sec. 7.1.5]. Thus for any finitely 
generated graded left H^-module M we have [MR, thm. 7.3.14] 

pdjj+(M)^lgd(M+//) + n. 

Note that / is not contained in the Jacobson radical of Hj. However, in the proof 
of op. cit. this hypothesis is used only in deducing that M = from the equation 
MI = M. This implication holds in our case because M is graded and / has 
positive degrees. Note also that to compute Igd(H^) it is enough to consider only 
finite graded left modules. See [MR, sec. 7.1.8] and [NVl, sec. 1.7.8]. Thus we have 
proved that 

lgd(H+) < lgd(H+//) + n. 
Next, since Ha is the localization of at x^^^ we have also 

Igd(MA) ^ lgd(M+//) + n 
by [MR, cor. 7.4.3]. Now H^// ^ as an A-algebra. Thus we have 

Igd(HA) ^ Igd(H^) + n. 
Arguing as above with Ha replaced by and Xj by yi we get also that 

Igd(MA) ^ lgd(Mo,A) + 2n. 

Finally Ho,a is the Hecke-Iwahori algebra of type GL. It is well-known that it has 
a finite global dimension iff ao 7^ 0. 

□ 

3.2. Roots of unity. 

Unless specified otherwise we'll alwas assume that Oq is invertible. We'll be 
interested by the representations of Ha for A = C and r, ( both roots of unity. Let 
I be the order of r. If it is finite we'll always assume that I = p^, an odd prime 
power. As before, if I is finite we write 

SH = SHa, H = Ha. 

Let {A\,,A\,,k\)) be as in 2.2.5(a). We'll abbreviate k|, = C, hopping it will not 
create any confusion. 

Fix integers m < < k such that {k,m) = 1 and (r, C) G rc(C). Obviously, 
the choice of {k,m) is not unique. We'll adopt the following strategy : first we fix 
c, then we choose {t,Q £ rc(C) such that t,( are roots of unity and p is large 
enough, finally we prove our main result for these parameters. 

Let us briefly explain what are the restrictions on c. Its sign is indifferent, 
because there is an involution 

IM : H H, I-)- XX H^. x_a, q >-> g"\ t h- t. 

For 3.6.9 to hold we'll assume that c < — 2 and for 3.5.1 to hold that k > 2n. 
Finally in 4.2.1(6) we'll choose m = —1, i.e., we'll set = 1- 
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3.3. The canonical embedding. 

Assume that is invertible. The subscript ★ will denote a quotient ring as in 
section 1.11. There is an unique algebra homomorphism 

^' :Ma^ Bo,a,* >^ S„ 

given by 

Here we have set = t~^. The inclusion of S„ into the rhs is given by 

w>-^{0,w), TA I-)- (A;_2A,1)- 
Since Bo,a,* is an ID there is an unique algebra homomorphism 

such that ^'{xo) = *(.t)*'(o). The following is standard, sec [C, 3.2.1]. 

3.3.1. Proposition. The maps are injective and yield algebra isomorphisms 

^ : SMa,^ ^ B^-j^^^, ^' : Ma,* ^ Do,A,* >^ S„. 

3.4. The center of SDAHA. 

Assume that Oq is invertible and that I is finite. In this section we recall a few 
basic facts on the center of SH. Let X, y c H he the subalgebras generated 
respectively by {x\;X G /X}, {y\; A G IX}. We put 

Set = Yl^ fc((/'" — C^'^) where a runs over 11 and k = 0, 1. We view as an 
element of C as in (3.4.2). Put ay = ^h{o'x)- 

3.4.1. Proposition. The following hold 
(a) C C Z(H.), oC C Z(SH) and H, SH are C-modules of finite type, 
(6) Dq^, T'^ are C-algebras and T(r*) is the localization o/T° at a^, 
(c) the maps are C-linear. 

Proof : (a) This is well-known. 

(6), (c) There are algebra isomorphisms 

X Fo, x\ ^ q^, 

(3.4.2) 

^ ' Y^Uo, yx^kx. 

Thus go, yield algebra isomorphisms 

X^" ~ Z{F') ~ Z{¥'^) ® A, 
Y^" ~ Z(U') ~ Z{V'j} (g) A. 
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Therefore the maps (1.11.2) 

z' : Z{^'j,) ^ T^, 

yield an algebra homomorphism C — ^ T*^. Now, the maps (1.11.3) 

L' : Z{^\) ^ Bj:x_„ 

yield an algebra homomorphism L — > Dq ^. The map $ is >C- linear by 1.11.4. 
The /!-algebra structure on SH is given by 

/ I-)- o/, Ml-)- mi, V/ G -Y^" , u G 3^^" . 

It is well known that 

*(o/) = L'(/), ^{<m) = L{u), yf,u, 
see [C], [K2, Theorem 5.9]. So the map ^ is £-linear. 



□ 



3.4.3. Proposition. Assume that A = C. We have that SH is a Z{Sfl) -module 
of finite type. It is a NID and a maximal order. Further Z(SH) is a direct summand 
o/SH as a Z{SH) -module. 

Proof: Recall that SHq-^ is the localization of SH at a^. By 3.3.1 we have SHo-^ ~ 
Dq^. Thus SHcr^ is an ID. Note that is a regular element in SH by (3.1.1). 
Thus SH c SH^^ . Thus SH is an ID. Since SH is a Z(SH)-module of finite type, 
see 3.4.1(6), it is an order in its quotient ring by Posner's theorem, see section A. 10. 

Let us prove that SH is maximal in its equivalence class. Fix a ring A and an 
element 7^ z G Z(SH) such that 

SH C A C ^-^SH. 

For a future use, note that A is a torsion-free £-module of finite type, see 3.4.6(6) 
below. Observe that Dq is an Azumaya algebra. Hence so is also Dq,*. Thus Dq J 
is again an Azumaya algebra by faithfully-fiat descent, because the group S„ acts 
freely. Therefore the quotient rings SH^^^ , SH,^^^ are both maximal orders. Thus 
we have A^r^ = SH,^^ and A^-^ = SH,^^. The elements a^, (Jy are regular in H by 
(3.1.1). Hence they are also regular in A. So we have 

AcSH^^nSH,^. 

Thus the /I-module A/SH is supported on a closed subset of Spec (£) of codimen- 
sion ^ 2. Since the £-module SH is free we have A = SH by 3.4.4. The second 
claim is a direct consequence of the first one. See section A. 10. 

□ 
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3.4.4. Lemma. Let A he a commutative affine ring, M a torsion-free A-module 

of finite type and P <Z M a projective A-submodule such that M/P is supported on 
a closed subset of Spec (A) of codimension ^ 2. Then P = M. 

3.4.5. Proposition. Assume that A = C. The scheme CM = Spec(Z(SH)) is 

integral, normal and Cohen-Macaulay. 

Proof: The ring Z(SH) is a CID by 3.4.3. Thus CM is an integral scheme. The 
^-module Z(SH) is projective and of finite type by 3.4.3. Thus it is a free £- 
module by Pittie-Steinberg's and Quillen-Suslin's theorems. So the variety CM 
is Cohen-Macaulay, because Spec(>C) is smooth. An irreducible Cohen-Macaulay 
variety which is smooth away of a codimension ^ 2 closed subset is normal. Further 
Spec (Z(SH)o-^) is smooth, because SH,,^ ~ D^;. Hence Spec (Z(SH)<,J is also 
smooth. The complement of 

Spec (^(SH),J U Spec (^(SH),J 

in CM is a closed subset of codimension ^ 2, because Z(SH) is a ^-module of 
finite type and the closed subset 

{o-x = (Jy = 0} C Spec {£) 

has codimension ^ 2. Thus the variety CM is normal. 

□ 

3.4.6. Remarks. 

(a) The rings Z{H), Z(SH) are isomorphic. See section A. 14 for details. 

(6) By (3.1.1) and the Pittie-Steinberg theorem the £-module H is free and of 

finite type. Since SH is a direct summand of H, it is also a free £-module of 

finite type by the Quillen-Suslin theorem. 

3.5. From SDAHA to QDO. 

Set A = C. Fix c e . Assume that Oo is invertible. Recall the maps 

* : SH ^ D^Jl, $ : T° ^ T>^^^ 

given in 3.3.1 and section 2.8. In 4.2.1(6) we'll compare the algebras SH and T(T), 
where T is the sheaf of algebras over the deformed Hilbert scheme T introduced 
in section 2.7. A first step towards this is the following inclusion. The proof is 
technical. It is given in section A.15. 

3.5.1. Proposition. Let {t,() G rc(C). If k > 2n and I is finite and large enough 
then we have *(SH) c $(T°). 

Note that the lower bound for I in 3.5.1 may depend on c. 

3.6. From SDAHA to DAHA. 

In this section we compare the categories M.od{MA) and M.od{EMA)- First, let 
us recall the following standard result. See section A.16 for details. 
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3.6.1. Lemma. Let A he a ring and o E A be an idempotent. The full subcategory 
M.od{A, o) c Mod{A) of the modules killed by a is a Serre category. Further, there 
is an equivalence equivalence 

Mod{A) /Mod{A, a) ->■ Mod{oAo) , M ^ oM. 

Now, fix c € Q^. Assume that A = C and that is invertible. To simplify the 
notation we'll abbreviate H = He, X = Xc, etc. Consider the full subcategories 

Modiuy c Mod(M), Mod{m)' c >forf(SM) 

consisting of the modules with a locally finite action of X, X^". By 3.6.1 we have 
a quotient functor 

F* : ModiB)' Modimy, M oM. 

3.6.2. Proposition. Let (r, (") G Tc{C) and A = C. IfT,( are not roots of unity 
and c < — 2 then F* is an equivalence of categories. 

Proof: To unburden the notation we may use the same symbol for a C-scheme and 
its set of closed C-points. Consider the E„-action on H = C^ ®zX given by 

T\w{z ^ ji) = {z^ wii){t (8) A), VA,// € X, u; € S„, z G C^. 

For each 5]„-orbit in a; C iJ, consider the subcategories 

Mod{nY c A^od(M), Mod{mY c Mod{m) 

consisting of the modules whose support, as X^"-modules, is contained in a;/5]„. 
Thus we have 

Mod(H)' = Mod{mY, Mod{m)' = Mod{m)'^. 

The functor F* preserves this decomposition. Further ModCE)^ contains finitely 

many isomorphism classes of simple objects. Thus the category Alo<i(SIH[)'^ contains 
also finitely many isomorphism classes of simple objects. Let du{M.), dc^(SH) be the 
those numbers. We have 

d^(M) > d^{m). 

We must prove that it is an equality. 

The simple H-modules are classified in [V] for each simple, connected and simply 
connected linear group. The simple modules of the double affine Hecke algebras of 
types SL, GL are essentially the same, see [V, sec. 8], [VV3, sec. 2.5]. Thus, to 
simplify the exposition, in the rest of this proof we'll assume that H is the DAHA 
of type SL. In particular the symbols H, X will now denote the group of diagonal 
matrices in SL and its group of cocharacters. 

Now, we set 

F = C{{e)), R = C[[e]]. 
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Let SL(F) be the central extension of SL(F) by as in [V, sec. 2.2]. Let sip be 
the Lie algebra of SL{F) and H C 'S'L(F) be the pull-back of H by the obvious 
projection SL{F) — >■ SL{F). So there is an obvious map 

^ X ^i? X C^. 

Fix s (z H. Fix a point oi H x over (s,C)- We'll denote this point by {s,Q 
again, hopping it will not create any confusion. Consider the automorphisms 

a,,r,c : SL(F) ^ SL{F), g{e) ^ (ads)(5(Te)), 

(3.6.3) 

Os,T,c : sip sip, x{£) C (ads) (a; (re)). 

We'll abbreviate a = as,T,f • 

Let J\f C sip be the nilpotent cone^ Let 5L(F)" c 5L(F) and A/"" C A/" be the 
fixed points sets. It is known that SL{F)°- is a connected linear algebraic group 
and that A^" is an affine 5'L(F) "-variety over C. See [V]. 

Let Q be the set of Lie subalgebras of sip which are S'L(F)-conjugate to sIr. The 
automorphism a yields an automorphism of Q. Let C ^ be the fixed points set. 
We write 

.^« = {(x,p)GAA»xg»;a;Gp+}, 

where p_|- is the pro-nilpotcnt radical of p. Wc have Q"" = Ujes disjoint union), 

where each is a smooth and connected S'L(F) "-variety. The set E is infinite. For 
each i € H we put 

A/:« = TV"" n (TV" x gf). 

It is a smooth and connected 5L(F)"-variety. For each we put also 

= {{x,p,p') G AA" X X g^;x G p+ npV). 

Let K(X) be the complexified Grothendieck group of coherent sheaves over a 
scheme X. The C- vector space 

(3.6.4) SIK = n0^(-A^"-) 

j i 

is equipped with an associative multiplication called the convolution product. It is 
given the finite topology, i.e., the linear topology such that a basis of neighborhoods 
of is formed by the subsets n^^jo ®i ^i-^tj)- Note that the multiplication is con- 
tinuous for this topology. We say that a SK-module V is smooth if the annihilator 
any element of V in SK is open. The proposition is a direct consequence of the 
following lemma. 

□ 

3.6.5. Lemma. Let (r, G rc(C) and A = C. Let s E H and let uj = uJs,t ^ H 
be the Hn-orhit of s. 

(a) There is a ring homomorphism SH SK inducing an inclusion {smooth 
simple SK-modules} C {simple SM-modules} . 

(b) Smooth simple SK-modules are labelled by SL{F)°' -orbits inAf"'. 
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(c) The integer di^{M) is the number of SL{FY -orbits inj\f"-. 

Proof : Part (a) is proved in section A.16. Part (c) is proved in [V, sec. 7.6]. Let 
us concentrate on part (b). 

Let Li be the direct image of the constant sheaf by the first projection 

Since pi is a proper map, the complex Li is a direct sum of shifted irreducible 
S'L(F)°'-equi variant perverse sheaves. The set of smooth simple SK-modules is 
in bijection with the set of indecomposable direct summands of 0^ Li (counted 

without multiplicities). See [V, sec. 6.1]. Let O C W he a 5L(F)'*-orbit. The 

intermediate extension of a non trivial local system on O cannot occur in Li. 
See [V, sec. 8.1]. It is enough to check that the intermediate extension of the trivial 
local system on O does occur. 

To do so it is enough to prove that for some i we have 

(3.6.6) piiMt) = O 

(the Zariski closure of O) . Indeed, in this case, for each e G O the group of connected 

components of the centralizer of e in SL(F)°' acts on H^,{p~^ (e),C) and any irre- 
ducible submodule yields a S'L(F)"-equivariant irreducible local system on O, whose 
intermediate extension to (!) is a direct summand of Lj. Since H^{p^ i^):'^) 
and only the trivial local system can occur, we are done. 

Our proof of (3.6.6) is similar to [V, sec. 6.3]. We'll be brief. For each p E Q"" 
let be the fixed points subset of the automorphism a acting on p_|_. Fix a group 
homomorphism 

w : ^ Q, v{t) < < v{C). 

Sec [V, sec. 6.3, Claim 1]. Recall that e e O. Up to conjugating e by an element 
in SL{F)" there is a sl2-triple {e, /, h} C sip which yields a group homomorphism 

: 5L2(C) ^ SL{F) 

such that we have 

See [V, sec. 6.3, Claim 2]. Put = s0(C"^/^). For each G C^, j G Z we set 

si{u,j) = {x{£) G sip; {ads^){x{T£)) = ux{e), (ad0(2;))(a;(£)) = z^x^e)}. 

So we have a{x) = (^/^~^ux for each x G 3l{u,j). Hence the parahoric Lie subal- 
gebra 

is a- fixed. So it is contained into a maximal parahoric Lie subalgebra p' G Now 

we set 

b = (ad</)(£))-i(b'), p = (ad0(e))-i(p'). 



DAHA AT ROOTS OF UNITY 



51 



There are inclusions 

£b C £p C p+. 

Since e G sl{l, 2) we have 

(ad(^(£))(e) G £s[(t,2). 

Hence, since v{t) < we have 

(3.6.7) e G eb, e G p+. 
Next, since = we have 

(b')« = 0s[(Ci-'-/2,r). 

Since (ad(?!)(e))(s[(ii, j)) =s[(T-'it,j) we have also 

r(fe-2m)^2fc 

For each integer r such that r{k — 2m) ^ 2fc we have r ^ 2, because < —2m < A;. 
Thus we have 

b° c (b')"- 

The proof of [V, sec. 6.3, Claim 3] implies that 

{by c o 

(the Lie algebra b' coincides with the Lie algebra q in op. cit.). Since b C p we 
have p+ C b+. Therefore we have 

(3.6.8) p^ C O. 

By (3.6.7), (3.6.8) there is a maximal parabolic Lie algebra p G ^ such that 

(e,p)GAr", 5L(F)"(p« ) c O. 
Fix i G H such that (e,p) G J\f^. Then we have e G Pi{Mi )- Thus we have also 

Since pi is a proper map this yields 

ocpiiAfn- 

Note that the inclusion SL{F)''{p'^) C O implies that Pi{Ni) C O. Thus we have 
proved (3.6.6). 

□ 

We can now prove the main result of this section. 
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3.6.9. Theorem. Let A = C. Assume that ao ^ and c < -2. The rings H, SH 
are Morita equivalent for each (r, () G rc(C) except a finite number. 

Proof: Recall that we omit the subscript C to simplify the notation. Set M = 
H/HoH. By [MR, prop. 3.5.6] the C-algcbras H, SH are Morita equivalent if M = 0. 

Assume initially that r, C, are not roots of unity. Let / C X be an ideal such that 
X/7 is a X-module of finite length. By (3.1.1) the left H-module M/MJ is filtered 
by the finite dimensional X-modules Ylw'<u,'f'w''^/I with w G S„. Thus we have 
H/H/ e Mod{My. Hence we have also 

M/MI e Mod{M.y. 

Next, we have F*{M/MI) = because F* is an exact functor and 

F*(H) = oM = oMoM = F*(Mo]H). 

Thus 3.6.2 implies that 

M/MI = 0. 

Now, observe that M is a X Y-module of finite type, where X acts by right 
multiplication and Y by left multiplication. Assume that M ^ 0. Then there is 
a surjective X Y-module homomorphism / : M — C by Zorn's lemma. Further 
there is an ideal / C X as above such that 

M/cKer (/). 

This is absurd because M/MI = 0. Therefore we have 

M = 0. 

Now, set A = C[rj. Set also Ma = Ha/HaoHa as above. Since Ma is a 
Xa (8) YA-module of finite type, by generic flatness there is an element 7^ / G A 
such that the localization (Ma) / of Ma at / is a free Aj-module. See [E, thm. 14.4] 
for instance. Fix a C-point (r, () G rc(C). Note that Ma (8) C = M because taking 
tensor products with C is a right exact functor. Thus the previous discussion implies 
that Ma (8> C = if /(r, () 7^ and r, C are not roots of unity. Thus we have also 
M = for all (r, C) such that /(r, C) ¥= 0. 

□ 

4. AZUMAYA ALGEBRAS OVER THE DEFORMED HiLBERT SCHEME 

4.1. Study of the deformed Hilbert schemes. 

In this section we study in details the deformed Hilbert scheme T introduced 
ine section 2.6. Except specified otherwise, we'll assume that A = C. To unburden 
notation we'll use the same symbol for a C-scheme and its set of C-points. 

Set = G+ X and Tt^,+ = m'^^{0), the scheme-theoretic fiber of 

m+ : Z?+ X r*A" ^ G+, {g, g' ,v,ip) ^ gg' - ^'g' g + v ® if. 
The schemes T^, Tt^,+ are closely related. There is an isomorphism 

^ T,,+ n{Dx r*A"), {g, h, v, <p) ^ {g, h-\gh-^v, cp). 
Finally, we set T^r,!] = 57r,E n r^,o- 
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4.1.1. Proposition. 

(a) The canonical map p : T^^.o T is a G-torsor. 

(h) The scheme T^^+ is a reduced complete intersection of pure dimension 2n+n^ . 
If C^' ^ I it is irreducible. 

(c) The scheme T is smooth, connected, of dimension 2n. The map q : T ^ N 
is a symplectic resolution of singularities of N . If C^^" 7^ 1 the map q is an 
isomorphism. The scheme N is integral, normal, of dimension 2n. 

(d) The set Ttt^s is non-empty. 

Before the proof we fix some notation. Let G* C G be the set of invertible 
matrices which are conjugated to an element of 

H^ = {h(^ H; h" ^ 1, C^', Va G U}. 

Let Tjr,* C be the set of tuples x = {g,g',v,ip) with g G G*. 

Let T^ denote the variety with the parameter C. replaced by We define 
N' in the same way. Consider the isomorphism 

dr-K^T^, x^ig',g,-C-^'v,ip). 

Set Tt^^^ = Tjr^^ U ^t{T^^)- Wc define N<y, Tcp, A^* and in the obvious way. 

Assume that ("^^ 7^ 1. Given h € H^, h' £ H wc set Xh^h' = {h,g',h',h) where 
the (i, j)-th entry of the matrix g' is h[hj/ {(^''hj — hi). Note that Xh,h' £ Ttt,*- The 
following is proved in section A. 17. 

4.1.2. Lemma. 

(a) Assume that ^ 1. We have Ttt,* C Ttt^c;? C r^,o. The assignment {h,h') i->- 
Xh,h' yields an isomorphism 

(h) The variety r^,o is smooth and G-acts freely on it. The map q gives isomor- 
phisms of smooth varieties Ti:y — >■ Ni:y, — >■ A^^. The Poisson bracket on N^, 

is the same as in [FR], [O]. 

Proof of 4.1.1 : If (^^' = 1 claims (a)-(c) arc known : see [GG. thm. 1.1.2] for part 
(6) and [N] for the other ones. If 7^ 1 then the following is proved in [O] : 

• is a smooth G-torsor, 

• Tjr/G is a smooth symplectic irreducible variety of dimension 2n. 

Thus Ttt^o = and T = T^^/G. So claims (a)-(c) arc known again. Therefore, for 
all parts except {d) we'll assume that C^'" = 1 and 7^ 1. 

(a) See 4.1.2(a). 

(b) See section A. 17. 

(c) The smoothness of T follows from 4.1.2(a). By 4.1.2(6) the Poisson bracket 
on T is non-degenerate over the open subset Tc;?. Thus T is a symplectic variety, 
because codim(r \ Tcp) ^ 2. 

The variety T^^ is normal, because it is a complete intersection, the open subset 
Tn-^cp is smooth by 4.1.2(a), and codim(r7r \ I^^c^) ^ 2. Thus N is irreducible and 
normal. 

(d) First, recall that Ttt^s is the set of tuples {g,g',v,ip) G St^^<, such that 

e-\-v^ip = ag,g']-\ 9' , 99' g~\C^^[9, 9'] € Gj:, ipi^O, 
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where Gs = U+HU-. Define the following open sets 

U = {xeT^;g',gg'g-^ eGj,,^i^O}, 
V = {xeT^;r^'[g,g']eG,:}. 

First, assume that ^ 1. Fix a tuple Xh,h' = {h,g',h',h) as above. The 
principal minors of the matrix g' are non-zero, see [O, sec. 2.2]. Hence g' € Gy,- 
Thus Xh,h' G U. Any element of G is conjugate to an element of Gs- Thus 
the G-orbit of Xh^h,/ contains a representative in V. Thus U,V ^ 0. We have 
^TT.s = 17 n y n r-^,o- We are done, because Ttt,^ is open and non-empty and T-^ is 
irreducible. 

Next, assume that = 1. Set x = {h, h' , 0, (p) with h e and /i', (p e H. We 
have a; € T-n-^s. 

□ 

The following is proved in section A. 17. 

4.1.3. Proposition. The C-module 0{N) is of finite type. 

4.1.4. Remark. We have seen that the quasi-projective variety T is affine if C^'" ^ 
1, but not if = 1. One can prove that if C^'" = 1 then T is not affine. 

4.2. Azumaya algebras over the deformed Hilbert scheme. 

In this section we set A = C and I = p*^. 

4.2.1. Theorem. Assume that (tX) £ rc(C) and that p is large enough. 

(a) The sheaf Z over T is an Azumaya algebra of PI- degree 

(b) Assume that c < —2, 2n < k and C^' = 1. We have 2(T) ~ SH as C-algebras 

and H\T, T) = for all i > 0. 

Proof : (a) Note that T is a symplectic variety by 4.1.1(c) and that T(Tt) is a 
Poisson 0(rt)-order for each t by 2.7.6. Thus T is a locally free C>T-module with 
isomorphic fibers (as algebras) by A.10.3(a). We must prove that T is an Azumaya 
algebra over T. Recall that a coherent sheaf of O^-algebras over T is an Azumaya 
algebra iff it is a locally-free OT-module with fibers isomorphic to matrix algebras, 
see [M2, IV. 2.1]. We set 

Ts =P(T,,e), 

a non-empty open subset of T by 4.1.1((Z). It is enough to prove that 1 is an 
Azumaya algebra over Tj^. The fibers of over St^^s are matrix algebras by 
2.5.6(d). By 1.5.2(6) the fibers of T^r over T^^s are also matrix algebras. So T is an 
Azumaya algebra over Ts by faithfully fiat descent and 2.7.6, 4.1.1(a). 

Now, we compute the Pl-degree of T. Let {t,Q G rc(C). Recall that Tc is 
the sheaf of Ot,. -algebras associated with the Z_|_-graded 0(T7r,c)'''-module T+. By 
2.3.6(c), 2.6.11(o) we have T+ (g) = ©(T^^kJ"^- RecaU the subring 

o(r.,kJ' = o(rgjcO(r.,kJ, 

see (1.2.1), (1.2.2). By 2.6.2(d) we have also 



Te ® ke = (TkJ^^) = Proj(0(r^,kj''+). 
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Thus Tc(8)kc is the sheaf of C'„(e) -algebras associated with the Z_|_ -graded 0(T^,kc)''^- 
algebra 0(T^,kc)^- In other words, we have an isomorphism of sheaves of algebras 

Next, recall that Ac C C. Thus, by base change, to compute the Pl-degree of T 
it is enough to prove that the Oy^-module Tc is locally-free of rank P^. 

Note that Tc, Or, are flat A^-modules by 2.6.2(d), 2.7.3(a). Note also that Tc 
is a finitely generated -module. Further {Fr'^)^,OTi, is a locally free ©(TjJ"^)- 
module of rank Z^", because Tk^ is a smooth variety. Thus Tc (8) kc is a locally-free 
Ot^ (8) kc-module of rank P". Finally Tc (8) Kc is a flat Ot^ ^ Kc-module, because 
T is a flat Or-module. Thus Tc is a locally-free -module of rank by the 
following lemma, proved in section A.18. 

4.2.2. Lemma. Let A be a DVR with residue field k and fraction field K. Let B 
be an A-algebra which is a CNID and let M be a B-module. Assume that B, M 

are flat A-modules and that M is a Ji-module of finite type. If M (S>^ is a flat 
B 8) k-module and M ®K is a flat B 8) K-module, then M is a flat B-module. 

(6) Now we concentrate on the second claim. The proof consists of 3 parts. 
Step 1 : We'll omit the subscript C for C-schemes. First, we prove that 

(4.2.3) H>°(T,1) = 0. 

By 2.3.6(c), 2.6.2(d), 2.6.11(a), 2.7.1(c) there is a graded kg-algebra homomorphism 

o(Ti%)+ = o(r.,kJ''+ ^ T+ ® kc = o(r.,kJ+. 

Further 0(r^,kj"^ is generated by ©(T^^kJ^ as an 0(r^,kj"-algcbra by A.17.4. 
Finally Tc <8) kc is the sheaf over Tc 8) kc associated with the graded 0(Tj^'^lj^- 
module T+ (8 kc. Therefore 4.2.4(a) below, proved in section A.18, yields a Z_|_- 
graded kc-algebra isomorphism 

H* (Tc ® kc, Tc kc) = H^ {Pvoi(0(Tj^%)+),% ® kc) 
= ii"(Proj(T+®kc),0) 
= H-(T^^,0). 

Now, recall that Tk^ is the punctual Hilbert scheme of the kc-scheme Gj„,kc x^m,kc- 
So [BK2] and the equality above yield 

(Tc (8> kc, Tc (8) kc) = 0. 

Next, assume temporarily that A = C. By 4.1.1(c) the C-algebra 0(N) is 
equipped with a Poisson bracket. Since = 1, by 4.1.2(6) this Poisson bracket 
is the same as the Poisson bracket considered in [BG2, sect. 7.4]. By loc. cit. the 
following hold : there is a finite number of symplectic leaves N^'^\ . . . N^^\ 
for each i the leaf A^*^*^ is a locally closed subset of N which is defined over Ac and 
we have 7VW(kc) 7^ 0. Therefore 2.6.2(d), 2.7.3(a), 2.7.6 and 4.2.4(6) imply (4.2.3). 
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4.2.4. Lemma. 

(a) Let k he a field and let f : A —> 3 be a morphism ofLj^-graded, commutative 
k-algebras. Assume that A"* = if m/l ^ Z, that A is generated by A' as an 

-algebra and that B is generated by as a 'B^-algebra. Set X = Proj(A), 
Y = Proj(B) and let £ be the Ox -algebra associated with the graded A-algebra 
B. Then there is a Z^-graded k-algebra isomorphism, H*{X, £) ~ H'iX, Oy)- 

(b) Let A C C be a DVR with residue field k. Let f : X ^ Y be a proper morphism 
of Poisson A-schemes of finite type. Let Y = lJi=i Yi be a stratification ofY 
into locally closed subsets such that Yi(k) ^ for each i. Let £ G Coh{Ox) 
be an Ox-algebra. Assume that Y is affine and irreducible and that X, £ are 
flat over A. Assume also that {Yj(8)C} is the set of symplectic leaves ofY®C 
and that £ ®<C is a Poisson order over f. Then we have 

J7>°(X (8) k, 5 (8) k) = ^ jy>°(X (g) C, ^ C) = 0. 

Step 2 : Now, we construct a surjective /^-algebra homomorphism 
(4.2.5) T(r) ^ SH. 

Recall that T is the coherent sheaf over T associated with the Z_|_-graded 0{Tt^)^- 
module T+. So there is a £-algebra homomorphism T° — T(r). Recall the C- 
algebra homomorphism $ : T(r^) — > Dq^^ from 2.8.1(a). Apply it to the diagram 

T° ^T(r) ^T(r^). 

We get the chain of £-algebras 

$(T°) c #(T(r)) c D^::. 

Now, the £-algebra homomorphism ^ : SH — ^ Dq^ is injective. Further 3.3.1, 
3.5.1 yield the following £-algebra inclusions 

*(SH) c $(T°) c *(SH^) = Dg:;^. 

Therefore we have constructed £-algebra embeddings 

SH C *Cr(T)) C SH^. 

Finally T(r) is a /^-module of finite type by 4.1.3, because T is a coherent sheaf over 
T. Since SH is a maximal order by 3.4.2, we have SH ~ $(1(r)) by A.lO.l(a). 

Step 3 : Finally we prove that (4.2.5) is injective. It is enough to prove that 
the map $ : T(T*) D^^^ is injective. Recall that * : SH -> is a ^-algebra 
embedding. Under restriction and localization the map # yields a Poisson algebra 
homomorphism 

: o{n) ^ vi: 

see 2.8.1(6). The kernel of is a Poisson ideal. It is well-known that if X is a 
smooth, connected, affine and symplectic variety over C then the Poisson algebra 
0(X) has no proper Poisson ideals. Thus ^ is injective by 4.1.1(c). 

Since T is an Azumaya algebra over T, we have that T(T*) is an Azumaya algebra 
over O(T^). Hence, extensions and contractions give a one-one correspondence 
between 2-sided ideals of T(r,) and ideals of 0(T*), see [MR, prop. 13.7.9]. Thus 
$ is also injective. 

□ 

We'll end this section with an application of 4.2.1 to the representation theory 
of the DAHA. Before that, we need the following. 
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4.2.6. Proposition. Under the assumptions of the varieties CM, N are 
isomorphic. 

Proof: The map q yields an isomorphism 0{N) 0{T) because A'^ is a normal 
variety, see 4.1.1(c). By 4.2.1(a) we have 0{T) C ZT(T) C 1(T). By 4.2.1(6) we 
have Z%{T) ~ Z(SH). By definition of CM we have Z(SH) = 0{CM). Thus we 
have 

0{N) c 0{CM) c T(r). 

Hence 0{CM) is a 0(Ar)-submodule of %{T). Further %{T) is a e>(A^)-module of 
finite type, because T is a coherent sheaf over T and q is a proper map. So 0{CM) 
is also a 0{N)-vao(hi\e of finite type. 

Since C T is an irreducible affine open subset, we have 

0{N) c 0{CM) c Z%{T^) = 0{n) = 0{N^) C K(iV). 

Thus CM ~ AT, because A/" is a normal variety. 

□ 

Now, fix a C-point .x G N{C). Let CohxiOx) be the category consisting of 
coherent sheaves of (!?T-modules on the formal neighborhood of q~^(x) in T. We 
can view x as a C-point of CM by 4.2.6. Let M.od^^{ii) be the category of finitely 
generated complete topological modules over the adic completion of H with respect 
to the maximal ideal of Z(SH) associated with x. Using 3.1.2, 3.6.9, 4.2.1 and 4.2.6, 
the same technics as in [BFG], [BKl] give the following, see the introduction and 
section A. 18 for details. 

4.2.7. Theorem. Under the assumptions of 4-2.1 there is an equivalence of tri- 
angulated categories D^{Coh^{OT)) D^{Mod^i{n)). 

4.2.8. Remarks. 

(a) For each n, if we set m = —n, k > 2n > 2, {p,n) = 1, r = u™" and C = u'^, 
where « is a primitive m^-th root of unity, then we obtain (^^^" = 1 (^^' for 
each I. 

(6) The restriction to = 1 in 4.2.1 can be removed by the same method. 

(c) Note that [BFG] gives only a splitting of the Azumaya algebra T over q~^(x) 
for Hilbert schemes, i.e., if we have ("^^ = 1. See section A. 18. The splitting 
of T for deformed Hilbert schemes deserves a special study. 

(d) Two complex numbers ^ such that = {(^'Y yield Morita equivalent 
Azumaya algebras over the same scheme T. 

A. Appendix 

A.l. Proof of 1.3. 

Proof of 1.3.3(c) : Write ad'*' for the adjoint action in IjW. By 1.3.2(a) we have 
the following relation in U'^i 

(id (8> l)A{u (^u')= ^ -ui (8> r^u[rf' (8> r~ L{r^)L{u2)r~r~ r+t('a2)<,(r+). 

x,y,s,t 

Using this formula, a direct computation yields 

ad'^'(n (8) u') = ^20 (ad(u) ® a.d{u')) o tu^"^. 
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where is the hnear map 

(Al.l) tU2 : U®2 ^ U[2^ v®v' ^ vr- ® (adr+)(t;'). 

In the same way, in U'^l we have 

ad'^^(M(g)'u') =^30 ((ad'^^u) ® (adtt')) o^^s \ 

where wo, is the hnear map Ijl^l (81 U ^ IJl'^l, (81 t'A(r~) (g) (adr+) Set 

(A.1.2) = ^3 o (^2 ® id) : U®^ ^ U[=^] . 

For a future use, notice that 

wo,(^®v ®w) = ur~ (8) (ad'^' Ar^)ti72('y ® w) 
(A 1.3) ad[^](^x®u' )(ti (8> 1) = {adu){v) (g) £(u') 

ad[^]('U(8>u')(?;(8>l) = {ad}-'^^u){v) £{u'). 

Now we concentrate on 1.3.3(c). We prove only the first part. We have 

K{f) = R-i{h)R^{h) => A/t(/) = R-L{f,)R+{h) ® Kih). 

Thus 

W2{k K)A{f) = K{h)r- /«((adr+)(/2)) 

= <h)r~rt ® if 2 ■■ '-r+)(/4 : r+)K(/3) 

= K{h)R+L{f2)R+{f4)^K{f3) 

= A/^(/). 

□ 

A. 2. Proof of 1.4. 

Proof of 1.4.1(b), (c) ; It is routine to check that W2 ■ U*^^) U^^' is an algebra 
isomorphism, because the multiplication of u ® u' and v ®v' in U*^^) is equal to 
u{&drj){v) (g) (adr+)(n')t^'. The rest follows from [DM, 4.17], [BS]. 

□ 

Proof of 1.4.2 : Put c = (g c"^ = Es <^ and A^(/i) = /tf (g) h^. The 

assignment 

(A.2.1) a (g /i 1-^ ^(og >a) (g> (65/1) 

s 

yields an algebra isomorphism S : AcjjHc — AjJH, because 

^(a^/ii a) (g (6s/i,2) = ^{hitts > a) (g (/i2&s)- 

s s 

The inverse is given by 

E-\e{a)d^{h)) = Y,^{a,>a)d^{b,h). 
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Identify Ac, A with the quotients ActtHc/ActtHp and AjJH/AtjH^ respectively. By 
definition of a twist we have J2s o-s^ibs) = 1- Thus the map E factors to the identity 
Ac -H- A. 

□ 

Proof of 1.4.3(c) : We have U C F*. Thus an element d = J2i fi ® ^« be 
identified with the linear operator 

d' :F^F, g^Y^fMg). 

i 

Next, let : F — > F be the action of d in the basic representation. We must check 
that d' = if d" = 0. This follows from the following formula 

d"{Lgi)g2 = ^{tgi : Ui)fiL{g2)gz = d'{ig), \/g G F. 

i 

□ 

A. 3. Proof of 1.5. 

Proof of 1.5.2 : (o) The left ideal I = Ad^{iiY of A is H'-stable. For each o G A 
we have 

lad ^ {(/ii>a)5>(^2);^e (H')^} Cl. 

As H' is x-stable the automorphism maps (H')^ onto (H')^. Since d^{h) = 

x{h) modulo I we have 

la C I ^ {Wy>aC I ^ a + I G (A/I)^'. 

So the evaluation at the element 1 + I yields an isomorphism EndA(A/I) — > 
(A/I)^ . In particular the right hand side is a ring such that (a+I) (a'+I) = aa'+I. 

(b) Assume that A = End(V'), with V a finite dimensional vector space. View 
y is a H'-module via Set W = {v e V;l ■ v = 0}. Since I C End(y) is a left 
ideal, it is equal to {a G A; a • = 0} ~ }lom{V/W, V). Hence 

A//^H' = (A/I)"' = Hom(W, V)"' = End(W). 

Part (c) is obvious. 

□ 

A.4. Proof of 1.7. 

Proof of 1.7.2 : (a) We'll prove that KL{cij) G U; for all j ^ 1. The rest of the 
claim is left to the reader. First we fix A G and c^^y G cf(y(A)). Assume that 
if, V are homogeneous of weight A — a, A — 7 respectively. By A.4.1 below we have 

k(c<^,„) G ^ (U+)a_^A;2A-20i(U-)/3-7- 

Assume that (p E (fix <Uji-, & subspace of V{\)*. Then we have a ■ oji = (3 ■ ui = 0. 
Thus K{cip^y) G U^.. Finally, assume also that A • wi = 0. Then K{c^^y) G U^. 

Now we fix A = LOn-i—uJn- We have i{cij) = Cy.^^., an element of cf(y(A)). Equip 
V{u!i) with the contragredient right action obtained by twisting the left action by 
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the antipode. There is an isomorphism of right U-modules V'(A)* — >■ V{oJi) such 
that (/?A ^ Vn- If j 7^ 1 the element Vj G V(a;i) belongs to i(Ufl.) > Vn- Hence 
/^(c«j,V3i) G for all i by the remark above. 

(6) Recall that (ad^u)/ = i{u2) > / <] ui for / G F, n G U. The natural pairing 
F X U' -> /C is non-degenerate and yields a duality between the right adjoint action 
on F and the left adjoint action on U', i.e., we have 

{{adru)f : u') = (/ : {adu)u'), \ff,u,u'. 

The subspace F'^ C F is orthogonal to ly. The natural pairing F^ x V ^ /C is 
non-degenerate. Hence V embeds into (F'^)*. A direct computation shows that 
the right adjoint action and the right contragredient action of t{U.^) on F'^ are the 
same. Thus we have 

{L{u)>f:v) = {f: {aAu)v), V/ G F'^, -u G t(U^), G V. 

Now, recall notation 1.7.3(c). For each /j, = (/ii,/i2, • • • A*n)) a tuple of integers 
^ 0, we set also c^i = (cii)'^i(c2i)''^ • • • {cni)^"- Let [r]! G /C be the q'-analogue of 
r!. Put [/x]! = niLJ/^i]'- The pairing 

F'^ x^F^lC, (ciA,c^i) ^ (ciA : c^i) = Sx^,[X]\ 

is non-degenerate. Thus we may view the /C- vector space (F'^)* as a completion of 
'^F. Further we have 

{l{u) > CiA : c^i) = (ciA : c^i <l l{u)), Vu G t(U^). 

Thus the adjoint representation of t{Vn) on V embeds in a completion of the con- 
tragredient left i(U7r)-module'^F. 

By the PBW theorem the /C-vector space V = U'/Iy is spanned by the classes 
of the elements of the form kre^u^ where r G 2Z and u+ G U+ is a product of 
quantum root vectors associated with the roots ei — £2,^1 — £3, ... £1 — £n- The 
image of V in the completion of '^F is computable. It is spanned by the formal 
sums expg((7''cii)c^i with r G 2Z and /ii = (left to the reader). Here we have set 
expg(a) = J2r>o '^'^/H'j usual. Thus the /C-linear map 

'^F V, CAi expg(g-^^cii)cAi 
is an inclusion of 6(U7r)-modules'^F C V which maps onto ¥+. 

□ 

A. 4.1. Lemma. Let f G cf(y(A)) with A G X+. If we have > f < ki, = 
gM-(A-7)+>'-(A-a)y each \n then 

<f) e {U+)a-f} k2X-2f3 t(U_ )/3-7, /3^a,7. 

/3eY+ 

Proof : There is a non-degenerate pairing ( : ) : U x U — >■ such that 
(«(/) ■.u) = if: u), ((adn)(nO : u") = {u' : (ad,n)(t/")), 
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see [Tl, 2.2.1]. Now, we have 

Kd(y{X)) C U+A;2A-2/3i(U_). 

Let / G cf(V(A)) be such that = u-^-k2\-2^t'{u-) with 'u+ G (1LJ+)ck_/3 and 
U- G (U_)^_-y. Since (/«(/) : fx') = (/ : u') we have 

< fe.) : n') = : fe^n'), > f) : n') = : u'A;^). 

Further [Tl, 2.2.2] yields 

(«:(/) : = {u+ : u'_) « : u.) q^^-^)'^' . 

So a direct computation yields 

□ 

A.5. Proof of 1.8. 

Proof of 1.8.2 : (a) Use filtered/graded techniques as in the proof of 2.2.3(o), (/). 

(b) Use 1.4.3(c) and 1.7.3(d). 

(c) Let m denote the product in D. The adjoint coaction ad* : U' — )■ F (8) U' is 
an algebra homomorphism, because U' is an (adU)-algebra. The QMM are given 
by 9<i = m o [£i ® d^) o ad* and 5> = m o (£ (g) d<,) o ad* , i.e., we have 

(A5.1) d^KL{g) = £{t{g3)9i) d^KL{g2), d^i^if) = £{t{fi)f3) d^K{h). 

Let us check the second equality. The first one is proved in a similar way. We'll 
regard D as the subalgebra of D<| generated by ^(F) and 5<|(U'). By part (6) the 
basic representation of D< in F is faithful. Thus, by definition of a QMM, it is 
enough to check the relation 

d^{u)-f = u>f, «gu', /gf. 

Note that this relations implies in particular that is an algebra homomorphism. 
Now, the relation above is obtained in the following way. Write 

ad*(n) = (8>iti, u,Ui , G F. 

i 

Then we have 

^(ft : v)ui = Vim{v2), v eU' 

i 
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Let the second expression act on F. We get 

(5>(u) ■ f ■.v) = ^(/i : Ui){gif2 : v) 

i 
i 

= (/i : ViUi{v2)){f2 ■ V3) 

= if ■■ vu) 
= {u>f:v). 

(d) Set i/j = m o (i ^ 5<j), a map F O U' D. We have 

^ iifi) d^{ui) = ^^fi{f<Ui) = 0,yfe F. 

i i 

If fi^Ui ^ there is an element / G F such that J2i fiif 7^ 0- Thus ip is 
injective. The computation above imphes that ip o ad* = 9|>. Hence ip is surjective. 

□ 

Proof of 1.8.3 : (a) Recall that = F'tiU where U is identified with the normal left 
coideal subalgebra U 1 C HJl^l. Formula (A.2.1) yields an algebra isomorphism 

(A5.2) S2 : ^ D<, £{/) ^(n) ^ 5^£(adr+)(/) d^r^u). 

s 

We have (U')!^] C U U' by 1.7.1(a). Thus composing the map with the 
algebra homomorphism 

U (8> U' B^, M (g) H-^ 
yields an algebra homomorphism 

Observe that S2 factors to the identity F' = F of the basic representations. So 
the D^-action on F' is faithful. By definition of 82 we have {d2u){f) = u> f for 
each u e f e ¥' . Thus 82 is a QMM. Finally 82 maps into the subalgebra 

B' = F'ttU' by formula A.5.3 below. 

(6) We have Ak(/) = R' i{fi) R+ {fs) ® ^(/a) in U®^. Thus the coproduct of 
U[21 yields 

A(k(/) ® 1) = R-i{fi) R+ih) ® t(r+) ^ K((adr7)(/2)) ® 1, 

= i?+(/5) (8 i?-4/2) i?-(/4) ® «(/3) ® 1- 

Therefore, in the ring W the following indentity holds 

dMf) nf) = KiR'^ih) R^ih) ® R-i{f2) R-ih)) > f) d^h). 

This identity can be written in the following form 

dMf2) i{f' < R-i{h) R^ifs)) = £{R-i{h) R-{h) > f) d>K{f2). 

Thus we have 

Rl, Mi3 RI2 M23 = Ks Rli Mi3 (Rli)-' 
where M = ^ . j Cij (g) 8^K{cij) and M' = J^i j ^ij ® K'^ij)- Therefore, by 1.7.1(6) 
the assignment iij i-)- 8i,n{cij) and l[j ^ ^{cij) yields an embedding W_^_ c W. 
The elements i^^, i'^^ may only quasi-commute with homogeneous elements of B^. 
Thus they generate a denominator set whose quotient ring is isomorphic to B'. 

□ 
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A. 5. 3. Lemma. For each f,f'e¥ we have the following formula in W 
d2W2{K{f) ® «:(/')) = 9Mf) K'-i^t) > ^(/O/a) d^R{sAr;)f{f^). 

s 

Proof : We'll drop the summations symbol when there is no danger of confusion. 
First, observe that W2{n{f) (8) i^{f')) = W2{K{f) 1)^2(1 «(/'))• By definition of 
82, V32 we have 

d2W2W) ® «(/')) = S2-^a<.(K(/)r7) 5>«(adr+)(/'). 

Thus (92^2 (g) 1) = d^K{f). Further (A.5.1) yields 

52^^72(1 ® «(/')) = S2-i^(r+ > d^n{f'^)d^i{r-) 

= e{^drt){rt > iU'i)f'z) d,{T{rnMf2)r;) 

= £{rtrt > 4/0/3 < 4r+)) d,{lir^r-)tK{f^)r-) 

= i{i{rt) > i{f[)f'^ < t{ri)) a>(adr7)r(«(/^)r,-). 

Finally, a routine computation yields 

□ 

Proof of 1.8.4 : The inclusion 9[>(U) C (D|>)^^ is obvious. Conversely, if the element 
Ylii^Ui)dt>{ui) hes in (KD^)^"^ and the Ui's are linearly independent then fi belongs 
to the subset F^^ g^ch i. As F^^ ^ jq^ ^his imphcs that ^^(U) = (Bc,)'^^. Finally, 
the relation u\>d = d^{ui) dd^L{u2) implies that 9>(U) and (D^)^"^ centralize each 
other. 

□ 

A.6. Proof of 1.9. 

Proof of 1.9.1 : (a) The ring R^^ is generated by l{¥l) and 5>(U). It acts faithfully 
on ¥1 by [LR]. Therefore it is a quantum torus by 1.7.3(c). We have C M^^* by 
loc. cit. Thus and are both ID. 

(6) There is a nondegenerate pairing F'^ x V — > /C, see section A.4. Thus an 
element d may be viewed as an element of F"^ ® (F'^)* or, equivalently, as a 
linear operator F'^ — F'^. Let d" be the natural action of W on F'^. We must check 
that if d" = then d' = 0. This is proved as in 1.4.3(c). 

Next we prove that W is an ID. Since W C End(F'') we have also C End(Ff ) 
because for each d G M'^ we have 

c^i'^d •F7 = 0^d-F^ = 0^d = 0^ c^i'^d = 0. 

A general definition of QDO algebra is given in [LR]. The algebra embeds into 
the QDO algebra of F''. Thus there are inclusions C M^ ^ C End(F7) by [LR, 
3.2.2, 3.3.5]. We have C M^^^ by A.6.3(c) below. Thus is an ID by 1.9.1(a). 
Since F c F^ we have M'^ C (f/® V)'' = R^. Thus R'^ is also an ID. 
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Finally we prove that is a quantum torus. By A.6.3(c) below is the /C- 

subalgebra of generated by £(FJ) and ^^(U^). Recall that M^^ is isomorphic 
to the quantum torus generated by the elements x^^, y^^ in 1.7.3(c) by part (a). 
By [J2, sec. 7.1.13] we have 

(A6.1) U's = U+/CA4U-). 

A€2X 

Thus 9>(ej), df.t{fj) and df.{kx), A G 2X, belong to Mg- Hence contains the 
elements xf^, yf^, yj - yj'^iy]^^ - 1) for all i,j with j 7^ n. So y^^^ G for 
all n 7^ j. Thus R|. is the quantum torus generated by x^^, y^'^ and x^^, y^^ with 
n / j. 

(c) The map £®d^ identifies R+ with F ¥+ . The right U^-action and the left 
U-action on F (g) V+ are given by 

{f ®v) <iU = (/ o ui) (8) (adm2)(t'), u\> {f ® v) = [u^ f) ® v. 

By 1.1 .2{h) the /C-space V+, with the adjoint i(U7r)-action, is isomorphic to'^F, with 
the contragredient left <,(U^)-action. Thus W\. ~ (F^'^F)'" with 

{f®f')<u = {f<u{)®{f<u2), f e¥J' e¥\uel5^. 

Now, identify the (U, U)-bimodule F with 0;,F(A) ® V{\)* and the right U- 
module'^F with 0^^(?Tia;i)* in the obvious way. Probenius reciprocity and the 
tensor identity yield the following chain of isomorphisms of left U-modules 

(F (g)"F)" = V{\) (g) {V{\Y ® V{muJiYY 

= V{X)® {Vim'uJi)^V{muJi)° 0ViXyf 

\,m,m' 

= V{m'uJi) ® V(ma;i)° 

m,m' 

= O'^F. 

Under this sequence of isomorphisms the left U-action on (F (g'^F)^ given by the 
left U-action on F is taken to the tensor product of the left U-action on F'^ and the 
contragredient left U-action on '^F. 

□ 

Given an algebra A and a Hopf algebra H which acts on A from the right let 
M.odr(A, H) be the category of right H-equivariant left A-modules. The Grothen- 
dieck category A<odr(F,Us-) is locally Noetherian because F is a Noetherian ring. 
For each integer m, tensoring a module V G A^odr.(F, Ujf ) with the character 

(A.6.2) [m] : U^ /C, (g^'^i : u) 

yields a new object V[m] G A^odr(F, Ujf). Here F acts on V and Ujf on the tensor 
product. 
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A. 6. 3. Lemma. 

(a) Let V W he a surjecUve m,ap of Noetherian objects in A<odr(F,Us-). The 
induced map V[m]^* — >■ l^[m]'^* is surjective i/m 2> 0. The cokernel of the 
map — > is a torsion module. 

(b) The functor Mod}^iV^) Mod{¥f), V ^ (¥i® Vy is exact. 

(c) The map I}J — > MJ is surjective. 

(d) The ring is isomorphic to the subring ofW^^ generated by . 

Proof : (a) Follows from Kempf's vanishing theorem in [APW] as in [BK3, 3.4-3.5]. 

(6) The ring F'^ is Z+-graded, see 1.7.3(6). Let QgriW"") be the quotient of ^r(F'') 
by the subcategory consisting of torsion modules. If F G ^r(F'^) is a torsion module 
then Vi = 0. So we have a commutative diagram 

d J, ^ c 

Q5r(F^) 4 Mod{¥J), 

where a{V) = ¥^V, b{V) = e{V) = V, and c{V) = d{V) = V'' = ©^^^ V{mf''. 
Hence d is exact by part (a). Thus cba = eda is an exact functor 

MoS^{U^)^MoS^{¥J). 

(c), {d) The projection factors to Df . Observe that = F^ (g)U', 

Mi = Fi ® V and that the map — > is induced by the obvious projection 
U' — V. Thus (c) follows from (6). Part {d) is obvious. 

□ 

A.7. Proof of 1.10. 

Proof of 1.10.1 : (a) By 1.3.2(6) we have 

A{v (g) 1^) = (g) L{rf) (g L{r^) (g {sArtr~){v2) ® 1^ 

in U[3]. Thus d^{v (g) 1) i{f (g, 1) = i{{vi > /) ® l)d^{v2 ® 1) in E. Hence 7 is an 
algebra homomorphism, because d^{y)i{f ) = i{vi t> /)i9|>(t'2) in B. 
Prom 1.3.2(6) we have also the following formula in E 

{A 7 1) ^^^"^ ® ""'^ ^^"^ ® "^'^ " ^^^""^ ^ 'i^tr^rt) > f < Mrt)u[rt)) ■ 

■ dt>{r~r~V2riL{r~) ® (adr^)(«2))- 

Here the summation symbol is omitted. Thus 

5>W2(1 ® u') 1{1 ® f) =i{l ® {i{rtr^rt) > f < t{u[)))- 

■ d>{r~r^L{r-) ® (adr-r^)(4)) 
=i{l (g (4r+) > /' < t{u[)))d^{ad^^^Ar-)zu2{l ® u'2) 
=e{\ ® (i(r+) > /' < i{u'^)))d^W2{l ® (adr-)(u^)). 

By 1.3.2(a) we have 

d^WW) = E (-{^'^t) > f < t{u',))d^{&dr;)iu'2) 
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in W. Thus 7' is an algebra homomorphism. 

(b) By (A.7.1) the following formula holds in E 

d^{v ® l)e(l ® /') = ® (adir+)(/')) d^{{adr-){v) ® 1). 

S 

Setting d = £{f) dt,{v) and d' = £{/') d^{u') it yields 

^{d®d') = J2^{f ® (adtr+)(/')) d^W2{{adr;)iv) ® u'). 

s 

So tp is invertible. 

(c) A routine computation yields 

{u (8> 1^) > ip{d (8> d') =V'((d <i '-(tt)) d') , 
(1 ® A2(ti)) > ® d') =V'(^(wi > /)a>(adn2)(w) ® (adti3)((^')) • 

(d) The basic D|>-module is faithful by 1.8.2(6). The basic representation of on 
F' is also faithful by 1.4.3(6). Let m, m' be the multiplication in F, F' respectively. 
The multiplication of f (Si f , g 'Si g' G G is given by 

J]m(/,r7 >5) ® m'((adr+)(/'),5')- 

s 

So (A. 2.1) yields an algebra isomorphism 

(^•■^■2) £{f ® f)d^{v S u') ^ Y.^{m{T-v) S ^(adr+)(/05>(«')- 

s 

Thus the basic representation of GUU'^l on G is faithful. Hence the basic represen- 
tation of the subalgebra E C GjlUP] on G is also faithful. 

(e) By 1.8.2(c), 1.8.3(a) there is a QMM 

i(U') (g) U (g) (U')'^' ]D)> (g) D', u®v®u' ®v' ^ d^L{u)d^{v) ® d2{u' ® v'). 

Note that H' is contained into the left hand side by 1.7.1(a). Thus, composing this 
map with the isomorphism H3 ^ above we get an homomorphism 

^3 :M'-^GttUP]. 

It is a QMM by part (a) and 1.5.3(a). It maps into E by A.7.4(a) below. 

□ 

Proof of 1.10.3 : (a) Obvious. 

(6) The algebra isomorphisms (A. 5. 2), (A. 7. 2) 

H2 : D; ^ D^, S3 : GftUl^l ^ (g) 

yield an algebra embedding 

(A7.3) S = (l(gH2)oS3 :E-).D>(gD<j. 

It factors to an algebra embedding S'' ^ (g D<. Recall that D<„ are ID by 
1.8.2(a), 1.9.1(a). Thus S'' is also an ID. 

□ 

To conclude, let us quote here more formulas for a latter use. Let dd denote the 
restriction of ^3 and the obvious embedding (U')^^] C H'. 
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A. 7.4. Lemma. 

(a) We have dd'cu^{l®u' ®v') = Yd2'OJ2{u'^v') and ds{u®v®l'^) = ^{d<,L{u)d,>{v)). 
(h) We have dhlnif) = j{d^K{f)) and dcK{f) = i/'(0>/«(/i) ® 52A«;(/2)). 

(c) For d = £(/)9t>(ti), d' = £{f')d^{u') we have the following formula in E 

7'(ti07W= E^(^(^-"^/)^>(^dr,-r;)(t;))y(^(adr+)(/05>(adr+r^)(u')). 

x,y,z 

(d) We have E-f'i{f) = 1 §5' i{f) for each f £ Z{¥'). 

(e) Fix a character x G X'. It extends uniquely to an algebra homomorphism 
X : U — > /C. Let u be the K-algebra automorphism 

: E ^ E, £(/ (g) u') ^ £{f ® f')dt.{v^ (g) u'). 

For each u eU' we have vdbl{u) = dbt{u^) and vdc{u) = dc{u^). 
Proof : (a) Before the proof let us quote the following formulas 

S o ^3 : H' ^ Dc> (g) D<„ u(^v®u' 0v' d^i{u)d^{v) ® 5<i(tx')5>(i;')- 
Now we can prove the claim. We have 

dz{u®v®l^) = E^^{d^i{u)d^{v) ®l) = -i{d^i{u)d^{v)). 

Further, if d' = £{f') d^{u') then 

^zi{d') = 5^a>(r7r,-) ® ^(adr,+)(/')a,(adr+)K) 

s,t 

= Y.d>{r-)®{^drt){d'). 

S 

Recall that 82 is a QMM for the Ul^] -action on D'. Thus we have 

{adu)d2{u' ®v') = d2iaA^'^^Au){u' ®v'). 
Therefore (A. 1.3) yields 

E3'y'd2W2{u' ®v') = ^ M^s) ® d2{ad^^^ Art)w2{u' (g v') 

S 

= {dt. d2)w3{l ® u' v') 
= 53(^^^3(1 (g) n' (g) v'). 

(b) Both claims follow from (a) and 1.3.3(c), because A«;(/) = W2{nfi <g k/2)- 

(c) It is enough to notice that 

i{d')^{d) = Y.l{{r- > /) ® f) d^W2{{adr^){v) ® (adr+r+)(n')), 

s,t 

l{d)i{d') = Y.t{f(® (ad.r,+)(/')) d^W2{{adr-){v) u'). 
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(d) By definition of 7' in section 1.10 we have 'E'y'£{f) = (8) /). Since 
/ G Z(¥') formula (A.7.2) yields 

S7'^(/) = (1®S2)S3^(10/) 

= 5]4(r7)®H2^(adr+)(/) 

S 

= 1 ® S2£(/) 

= 10£(/). 

(e) By A.7.4(6) we have dhi{u) = 79<('u). Formula (A.1.1) and section 1.10 yield 

v^{^{f)^^{v)) = e{f i)d^w2iv ® 

= ^(/«)l)5>(t;^®l) 
= 7W/)9,(7;>^)). 

The algebra homomorphism D ^ D, i{f)d^{v) ^ ^{f)do{v^) takes d^{u) to 5<]('U^). 
Thus we have 

udbL{u) = 79<(u^) = dbl{u^). 
The second identity is left to the reader. 

□ 

A.8. Proof of 2.2. 

Proof of 2.2.5(b) : Let c = k/m G with {m,k) = 1. Fix a, 6 G Z such that 
afe + bm = 1 . We have 

Z[q^\t^^]/{q'' -t"") o^Z[u^^], q = u"', t = vl" , u = qH''. 

Let (r, C) G rc(C) with r a root of unity of order I = p". Set e = t^C"', a generator 
of the subgroup of generated by r, C- Set A = Z[e] C C, a subring. There is 
an unique surjective ring homomorphism 7a[u^^] — )■ A such that u 1— ^ £. It takes 
q,t to T,( respectively. Let h be the order of e and (j)h G Z[n] be the corresponding 
cyclotomic polynomial. We have I = h/{m,h) because r = e*". 

We claim that there is a surjective ring homomorphism A ^ k such that r n> 1 
and k is a finite field of characteristic p. Let Ac be the local ring of A at k and let 
kc = k. Note that A is a Dedekind domain. Thus Ac is a DVR. 

Now wc prove the claim. Set h = I'm' with I' a power of p and (m' ,p) = 1. Since 
/ = h/{m,h) is also a power of p we have m'\m. Let vr G C be a primitive m'-th 
root of unity. Identify Z[u]/{(j)rn') with Z[7r] so that n vr. Note that u"^ i-7> 1 
because m'\m. Set kc = Fp[7r]. Let Z[7r] — > kc be the reduction modulo p. We claim 
that (jjh I— > 0, yielding a surjective morphism A — > k such that r 1— > 1. To prove the 
claim it is enough to check that p divides (f)h modulo 0^'. Observe that in C[u\ we 
have 

p-i 

i€Si=0 

5 = {i = 1, . . . m'; (i, ra) = 1}. 

The element u'- 1"^ maps to 7r~*° for some zq G 5, because {p,m') = 1. Thus ^/i(tt) 
maps to Yl- J2j 7r('~*°)-' . We are done, because the io-th factor is equal to p. 
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□ 

Proof of 2.2.3 : (a) The map k is an ^-algebra isomorphism — )• by definition 
of U^. By [L2] we have 

(A8.1) i?±(F^)cU^. 

Thus C U^. We have (F^ : U^) C ^ by [DL]. Thus we have 

(adU^) (U:^) C U:^, o F^ c F^. 

Thus F_4, are U^-algebras. 

The isomorphism I ® d^^ : ¥ ® V ^ identifies F^ ® V\ with D^. Thus 
5>(U^) C B^. By (A.5.1) we have d^Ki{g) = i{i{gz)gi) dt,K.L{g2) for each g e F^. 
Thus a<a(U^) C B^. 

The inclusion 52(U^)t^l C follows from A.5.3, the inclusion ^/;(B^(g)B^) C 
from the definition of -0 in section 1.10. The inclusion (93(M^) C Eyi is left to the 
reader. 

Now we concentrate on the A- forms of the previous algebras. The A-algebras 
Ua, Fa are NID by [BGl, prop. 2.2, 2.7]. The proof that F^, are NID is left 
to the reader. The proof that B;>^a is a NID is standard, using filtered/graded 
technics. See part (/) below. 

Next, we must check that k yields an injection — > Ua- Consider the quotient 
ring U^_s = (Ua)s- We have C U^^S' because is an ID. Thus it is enough 
to prove that the obvious map ^ ~^ Ua is injective. To do that it is enough to 
prove that the .A-submodule ^ ^ is a direct summand. This follows from 
the following formula, compare (A. 6.1), 

m,n Ae2X 

(b) The map k factors to an algebra isomorphism F — >■ U' by part (o). It yields 
an algebra isomorphism T ^lA' hy definition oiW . The subalgebra u'' C U'' acts 
trivially on C F. Thus U'^-action on F factors to a locally finite il'^-action on J-. 
Hence is a G^-algebra. Therefore W is a G-algebra for the adjoint action and 
the map k:U' ^ F commutes with the adjoint G-action. 

The inclusion dt>{U') C V is obvious. Given u G we set M = (adlLJ^)(u), a 
free ^-module of finite rank. The matrix coefficients of the adjoint representation 
of on M belong to F^. Thus we have ad*(U^) C F_4 ® U^. This yields a map 

ad* : U' ^ F U'. 

This map factors to an algebra homomorphism U' F ^ because W is a 
G-algebra for the adjoint action. Thus d^{U') <ZV hy (A.5.1). 

The adjoint u-action on U is trivial. Thus, to prove that U is an G-algebra for 
the adjoint action it is enough to prove that the adjoint U-action preserves U. This 
is standard and is left to the reader. However let us observe that if A is a field then 
Ua is an (adUA)-algebra, but if A is any ring this may be false. 

The algebras D, Dt> are U'^-algebras, see section 1.8. The subalgebra acts 
trivially. So X>, are il'^-algebra. Therefore X> is a G^-algebra. 
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(c) Assume initially that A = C and ^ = C[q^^]. Let ■ 0{G*) U he the 
isomorphism in [DKP, thm. 7.6], [DP, sec. 19.1]. Fix Xi,yi,z\ G 0{G*) such that 

luixi) = Xi, luiVi) = Vi, hu{zx) = zx- 

By (2.6.7) there is an A-linear map i/ : — U such that 

{a.dv{u)){v) = {ui,v}i{u2), V eU. 

Here { , } is the Hayashi Poisson bracket on U. Recall that 

i{xi) = ~ZiXi, i{yi) = -Ziyi, i{zx) = z~'^ , 
A(xi) = z,"^ (g) Xi + Xi (g) 1, A(yi) = Zj"^ (g) ?/i + yi (g) 1, A(2;a) = ® •?A- 

A routine computation yields 

(A8.2) v{x,Zi) = e^, = i,{zx) = hf/2. 

So we have 

(adef^)(z;) = {xiZi,v}z~'^ , 
(A8.3) (ad/«)(z;) = -{y,z,,v}z-\ G U. 

{e.dh^l^){v) = 2{zx,v}z^\ 

Now, consider the map 9 in A. 8. 6(6) below. It is known that is a Poisson-Hopf 
algebra homomorphism. Prom (A.8.3) and A.8.6(6) we get 

(adef^) o^jj = m° 0{{xiZi)^), 
(ad/f)o3c/ = -3t/o0((y,z,)»), 
(ad/iJ))o3t; = 23t;o^((zA)«). 

Next, let Xi, yi, zx G 0{G*) be as in [DKP, sec. 7.5]. The computations in [DKP, 
thm. 7.6], [DP, sec. 14.6] yield 

xl = -fi, yl = Ci, z{ = -hx/2. 

We have also 

■^i ^iZii yi yi^i-! ^x 

by [DKP, thm. 7.6], [DP, sec. 19.1]. Notice that our normalization for Xj, yj, Zi 
differs from that in op. cit. Therefore A. 8. 6(6) yields 

(adef ^) o o So = 3c/ o 0{fi) o sS = -3c/ (ad/i), 
(ad/f '^) o o So = 3c/ o o Sq = -3c/ o Sq ° (adei), 
(ad/i^'^) o 3(7 o So = 3c/ o 0{hx) o Sq = -3c/ o Sq o (ad/iA). 
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Here ej, /j and h\ are as in section 2.1. Thus we have 

(adu) 03^; OS* = 3^ OS* o (ad^('u)), G U. 

So the map 3;/ os* commutes with the adjoint il-action. 

The adjoint of the Probenius homomorphism is a hnear map il* — > U*. It factors 
to a map 

which is a G^-equi variant Hopf algebra isomorphism such that Cij {cijY- See 
[DL, prop. 6.4] for details. Set 

The map ^u' is a (adG)-equivariant algebra isomorphism. We have s*{c\) = z^x for 
each A G X+. Here c\ is as in 1.7.3(e). Therefore we have also = du'{cx). 

Since 0{G) = ^ ^^■^^{adiX){cx) we get ^u' = lu o-S*, because both maps commute 
with the adjoint il-action. 

We define Id to be the G^-algebra isomorphism 

(A8.4) ID : 0{D) = 0{G) ® 0(G) ^V, f®f^ ^lF{f)d^iu'i{f). 

Now, we consider more general rings A. In [DL] the map 3f is defined over the 
field Q(r) C C. Since it is the unique algebra homomorphism such that Cij >->■ {cij)\ 
it is indeed defined over the subring Z[r]. Here Cjj is as in 1.7.3(e). So there is an 
isomorphism 0{G) — > IF for any A. Indeed the surjectivity is obvious and injectivity 
follows from injectivity over Q(r) because 0{G) is a torsion-free Z-module. Thus 
3F) hu'i 3d yield isomorphisms 

0{G) ~ 0{G) ~ W, 0{D) ~ V 

for any A. A similar argument shows that lu yields an isomorphism for all A 

0(G*) 

2 

(d), (e), (/) It is well-known that U is a free W-module of rank Z" . For A = C it 

2 

is proved in [BGS] that F is a free J^-module of rank Z" . Recall that we have set 

2 

G = GLn. So F is a free J"- module of rank /" for any A, because F is the quotient 
ring of F_|_. Finally U' is a free Z^'-module, because k gives an isomorphism of 
ZY'-modules ^' (g)^ F ^ U'. 

Now, let F' C F' be the image of F by the identity map F — )■ F'. We have 
V = ^{T) d^{U'), a central subalgebra of D. Set V = d^{U'), a subalgebra of 
D'. Recall that maps F to U, see (A. 8.1). By [DL] we have also 

(A8.5) R^{T)cU. 

Thus the twisting terms in the multiplication of F', D' vanish when restricted to F', 
v. So T', V are central subalgebras of F', D'. They are canonically isomorphic 
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to V respectively as (adU)-algebras. More precisely, we'll identify the rings I>, 
V via the isomorphism 

]:V^V', t{f)d^{u)^h{f)d^{u). 

Next, equip the algebra D|> with the filtration such that the element £{g) 9|>(n) 
with u = e^kxi{f'^) has the degree 

{ni,n2,...nN,mN,---mi,p- \m\ + p ■ \n\) = (. ..,deg2, degi). 

The successive graded algebras associated to the partial degrees deg;^, degj, . . . form 
a finite sequence such that the first algebra is D|> and each term of the sequence is 
the associated graded ring of the previous one with respect to a positive filtration. 
We have 

— \m\ — \n I > /) ds^iu) + lower terms for deg;^ . 

Thus the last algebra in the sequence is an iterated twisted polynomial algebra over 
F. More precisely it admits a positive filtration Fq C Fi C ■ ■ ■ such that Fq = F 
and Fj+i = Fi[xi; 4>i] for some algebra automorphism 4>i of Fi of order I. See [DP, 
sec. 10] for details. 

Now, assume that A = C. Then F is a maximal order by [DL, sec. 7.4]. Thus 
Do is also a maximal order by standard filtered/graded techniques, see A.10.1(6), 
[VVl] . It is also a free I^o-module of rank Z^" . Hence the Pl-degree of D> is ^ . 
It is equal to by A.8.6(cZ). 

Let us prove that Z(JD) = V and Z{Ti') = V . The center Z{T>^) is a direct 
summand in D|>, because Dt> is a maximal order. See section A.IO for details. 
Further D> is a free "Do-module of rank Z^" and its Pl-degree is Z" . Thus .Z^(Do) 
is a projective X>o-niodule of rank one. So we have X>o = Z{D^). So we have also 

Z(D) = Z(Do) n D = P. 

The rest is proved in A. 8. 6(c). 

□ 

A. 8. 6. Lemma. 

(a) The obvious projections D* — G, G* are Poisson homomorphisms. For x,y G 

T**G* and € T*G we have 

{{x + 0®{y + x)-T^D*)={x®y-T^G*) + {i®x- ttg) + {g~^ >x-x< {g*)~^) 

(b ) The right dressing action yields a Lie algebra homomorphism 6 as follows 

e-.Q^ Der(0(G*)), ^(/«)(/') = {/i, /'}^(/2), V/, /' G 0{G*). 

The map Sq : G* ^ G intertwines the right dressing action of g on G* and 
the conjugation by g~^ on G. 
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(c) Set A = C. There is a Poisson algebra isomorphism 

m : 0{D*) ^V^, f®f^ l^f) d^a'iuU')- 

(d) Set A = C. The basic representation ofD^ factors to a simple representation 
in F/J^'^F. The algebra D> is a Poisson order over D* . 

Proof of 2.2.4 : By A.8.6(c) the map 

is a Poisson algebra isomorphism. Further D<] is a Poisson order over D* by 
A.8.6(d). Finahy the bivector field t^d* is non-degenerate over the open subset 

= {{g,9*) G D*-gg* e G* G} = {{9,9*);9%i9*)9~' e G^}, 

see [AM]. So the fibers of D<| over are isomorphic as algebras by A. 10. 3(a). 

By 2.2.3(/) the algebra D< is a prime Pl-ring and ^(D<) ~ 0{D*). Thus there 
is a dense open subset in D* over which D<| is an Azumaya algebra. See section 
A. 10 for details. This open subset has a nonempty intersection with D^. Therefore 
D<] restricts to an Azumaya algebra over D^. 

Set = {A;2;a;A G X+}. Recall that ■ 0{D) V is an isomorphism. By 
(A.5.1) we have 

® i{f),i{h)h ® ^(/2); / G s}) = U d^{T}). 

So the corresponding quotient ring of T) is isomorphic to 0{D^). 

The multiplication in U gives an ^-algebra isomorphism U ®u' U' — >■ U, because 

2 

it is surjective and both sides are U-hee of rank Z" . So the obvious inclusion X> C I>< 
yields a "D^-algebra isomorphism 

01, D ^ D^. 

Now, this inclusion fits into the commutative square 

t t 
0{D) 0{D*). 

Here the lower map is the comorphism of id x Sq : D* — > D and the vertical maps 
are 3d, tn. The commutativity of this square is a consequence of the equality 

3(7' = a' o3(j, o (a')* 

where a' is the anti-involution 

a':G^G, g^^g. 

Now the map id x Sq yields an etale cover — > D-^. Thus Ds is an Azumaya 
algebra over 0{D^) by [M2, IV.2.1]. 
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The case of is similar. First, the map S2 yields an algebra isomorphism 
D<] which takes V'^ onto X'<. Thus is an Azumaya algebra over V^. 
Further (A.5.1), A.5.3 yield 

(A8.7) d2W2{Kf Kg) = £{1(91)93) d^K{i{92)f) = ]{d^KL{g)d^K{f)). 

Hence the isomorphism f o : 0{D) — > V identifies the localization of V at 
52ti72(S^ (g) S') and the ring of functions 0(Ds)- The rest is as above. 

□ 

Proof of A.8.6 : (a) See [L3, sec. 5.2-5.3]. Note that ( : ) is the canonical duality 
pairing while ( : ) is the bilinear form (2.1.1). 

(6) Let us recall the contruction of 9. For x E Q let x"^ be the right invariant 
1-form on G* whose value at e is '^{x). There is a vector field 9'{x) on G* such that 

{00 : 9'{x)) = {x'^ Aoo : TTG*), ycjeCl}.,. 

Compare [LW, def. 2.2]. Then 9{x) is the Lie derivative with respect to the vector 
field 6'{x), acting from the left. 

Now, we set x = fK We have x^ = i(/2)d/i by [DP, sec. 14.6]. Hence 

o{fW) = o'{p)>f' 

= (df : e'ix)) 

= ^(/2)(d/iAd/':7rG0 

= {/i,/'W/2)- 

Next, observe that the right dressing action of g E G takes 9* G G* to an element 
of G* whose image by the natural map 

G* CD^ D/G 

is g~^g*G/G, see [LW, thm. 3.14]. Here G embeds diagonally in D, see section 2.1 
for details. The map Sq : G* ^ G in (2.2.2) is the restriction of the map 

D^G, {g,g')^g'g-^ 

to G* C D. The latter factors through a map D/G ^ G such that 

g-'g*G/G^g-'3oig*)9- 

Thus So intertwines the right dressing action of g on G* and the conjugation by 
g~^ on G. 

(c) Set A = C. The map 0' : U — Uo in section 1.6 factors to a Poisson algebra 
anti-automorphism 

a' -M^U. 
By 2.2.3(c) there is an algebra isomorphism 

m : 0{D*) ^ f®f'^ iMf) d^a'iuW). 
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Setting h = l{q'^ — q ^) in A. 10.2 we get a Poisson bracket on D>. We must prove 
that m is a Poisson algebra homomorphism. The maps 

are Poisson algebra homomorphisms by 2.2.3(c). In other words, we have 

= {m(/'),m(/)}, V/,/' G 0{G) or 0{G*). 

Therefore we must prove that this equality holds again if / G 0{G), f G 0{G*). 

To simplify, from now on we'll omit the maps d^, £. We have C = A/{q — r) 
where A = C[q^^]. By (2.6.7) there is a C-linear map u : U \J such that that 
the following holds in P> 

{u,f} = U2{u{ui)>f), V/gJT. 

From (A.8.2) we get 

^i^ixiZi) = Bi, <t>v{yiZi) = -fi, <t>v{zx) = hx/2. 
Therefore if / G 0{G) and /' G 0(G*) then we have 

{XiZi,lFU)}h^ =v{XiZi)\>lF{f) =iF{ei>f), 

{yiZi,iF{f)}z^^ = v{yiZi) >IfU) = -iF{fi>f), 
2{^a,3f(/)}^a ' = Mzx) >Mf) = Mhx > /). 

We have also 

a'{xi) = -yi, a'ivi) = -Xi, a'{zx) = zx- 
Thus we obtain the following formulas 

{a'{xiZi),iF{f)} = a'{zi)^F{fi> f), 
(A8.8) {a'{y^z,),iFif)} = -a'{z,)iF{e^> f), 

2{a\zx),Mf)} = <^\zx)Mhx> f)- 

For each x G g we consider the 1-form on G* introduced in the proof of 
A. 8. 6(6). Recall that = /.(/2)d/i if x = fK Sec section 2.1 for the notation. Let 
Xi,yi, hx G 0{G*) be as in the proof of 2.2.3(c). We have 

deixiZi) = {0, deiViZi) = -(eO", de(^A) = (hx)^ /2. 
Thus we have also 

(A8.9) d{xiZi) = Zi{fiY, d{yiZi) = -ZiiEiY , 2dzx = zxihxY ■ 

Given g* G G*, let y G be such that dg*/' = y'^{g*). By A.8.6(6) the Poisson 
bracket on 0{D*) is such that 

{f',f}i9,9*) = {y>f)i9)- 



76 



M. VARAGNOLO, E. VASSEROT 



Thus (A.8.9) yields 

{XiZiJ} = Zi{fi>f), 

{ViZi,/} = -~Zi{ei> f), 
2{zx,f} = zx{hx>f). 

Using this and (A.8.8) we get 

Mif'J}) = M/'),m(/)}, V/ G 0{G),f' = XiZi,yiZi,zx. 
By the Leibniz rule this identity holds again for each / G 0{D*) and each /' = 

Now, the set of functions /' G 0{G*) such that m({/',/}) = {m(/'),m(/)} for 
each / G 0{D*) is a Poisson subalgebra. Thus we are done, because {xiZi,yiZi, z\} 
is a set of generators of the Poisson algebra 0{G*). 

(d) Set A = C. The fact that D[> is a Poisson order is routine using A. 10. 2(6). 
Let us concentrate on the other claim. Set f = F/!F^F. It is an u^-algebra, because 

u> f = f <u = e{u)f, G u, / G J^. 

We must prove that the basic representation of d> = f jju on f is a simple module. 
Since we have 

dim(d^) = dim(End(f)) = Z^"' 

it is enough to check that this representation is faithful. By 1.4.3(c) we are reduced 
to prove that the natural pairing f x u — >■ A is non-degenerate. This is well-known. 

□ 

A. 9. Good filtrations. 

Let (^, A, k) be a modular triple. In this section we'll assume that A, A are 
local rings with residue field k. More precisely A will be the localization of 
at the field k. For A G X let ]HI^(A) be the IlA-module induced from the character 
T"** of the subalgebra generated by Uo,a, U_,a- A module V G ^4od}^{i]A) has a 
good filtration if there is a positive filtration of V by llA-submodules whose layers 
belong to {M5^(A);A G X+}. 

Let TT C X be a saturated 5]„-invariant subset, i.e., we have 

A G TT n X+, A' < A, A' G A:+ ^ A' G TT. 

Consider the left exact functor 

: Mod}^{tA) A^od^^(UA) 

such that OTr{V) C V is the largest UA-submodule whose weights belong to tt. For 
each integer a > we put 

7r„ = {A G X; ^ Ai = a, A^ ^ 0}. 

i 

For each integer r > we put also 

Xr= IJ (vr„ - buJn) C X, Xr,+ = Xr H X+. 

We'll abbreviate Or{V) = Oxr(V)- l^V = ¥a the A-module 0,.(Fa) refers to the 
natural left UA-action on Fa- The right action would give the same filtration. 
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A. 9.1. Proposition. 

(a) Let V G M.od}^ {V js,) . Assume that V has a good filtration. Then (V® A)+ ® 

k = (y (8) k)+ and {V ® Ay ®k = {V ® k)'^. 
(h) The adjoint representations on Fyi, U^, Dyi, and E_4 have good filtrations. 

So does also the natural left action on F^, E^. 

Proof: (a) Fix a good filtration (FrV) of V. Set gr^(V) = FrV/Fr-iV, a free 
^-module of finite rank. Hence is F^V is also a free ^-module of finite rank and 
{Fj.V) ® A has a good filtration. By [APW, sec. 3.4] there is a spectral sequence 

Ei'-^ = Torf (F*(Ua, (FrV) ® A), k) W-^{t^, (FrV) ® k). 

Further we have 

Therefore, the spectral sequence above implies that the canonical map 

iJ°(UA, {FrV) ® A) k ^ i?°(Uk, (FrV) (g) k) 

is invertible. This implies the first assertion. 

Now we concentrate on the second one. For each integer m the character [m] in 
(A. 6. 2) restricts to a character 

[m] : Ufr,^ A. 

Tensoring V with [m] yields a new object V[m] G Alod(Us.,^). Compare A.6.3. 
Since the U^-action on V is locally finite we have an isomorphism 

{V ® A)- if°(U*,A, V[m] A). 

By Frobenius reciprocity and the tensor identity we have 

H°itln,A^ V[m] ® A) = F°(1LJa, V ® B.^j^{mcoi) ® A). 

See [APW, sec. 2.12, 2.16]. Tensor products of finite dimensional modules with 
good filtrations have again a good filtration by [P, thm. 3.3]. Thus V (8) H^(ma;i) 
has again a good filtration. Thus the second claim follows from the first one. 

(6) By A. 9. 3 below the U^-module has a good filtration. So the adjoint 
U^-modules F^, U^, B^, and E_4 have also good filtrations by [P, thm. 3.3]. 

Now we prove that the left U^-action on has a good filtration. The U^- 
module ¥^(>^M'^{muji) such that acts on F_4 and on the tensor product has 
a good filtration by [P, thm. 3.3]. Thus, so does also the U^-module i/°(lLJ^,F_4 (g) 
]HI^(ma;i)) by A. 9. 2 below. Finally we have 

The proof for E^ is the same. 

□ 
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A. 9. 2. Lemma. For any locally finite W^-module V with a good filtration the 
tA-module H°(i]%V) has again a good filtration. 

Proof : Fix a positive filtration (FrV) of V by U^-submodules whose layers are of 
the form H3^(A) with A, // G X+ . The U^-module F^V has a good filtration 

for each r. Thus H^^ {tj'^, FrV) = 0. Hence there is a short exact sequence 

^ H^ijX FrV) ^ if°(U^, Fr+iV) ^ m\{X) ® H{i]% m\{ix)) ^ 0. 

So the A-modules H^{t% FrV), r ^ 0, yield a good filtration of H^{t% V). 

□ 

The following is standard, compare [Jl, sec. A.15]. 

A. 9. 3. Lemma. For each integer r the tl^-module OrQ^A) <^ fr^^ A-module of 
finite rank. It has a good filtration. 

A. 10. Maximal orders, Poisson orders and Azumaya algebras. 

All rings or algebras are assumed to be unital. 

A central simple algebra (over K) is a simple algebra A over a field K which is 
finite dimensional over K and such that K = Z(A), the center of A. 

An element of a ring is regular if it is not a zero divisor. A ring B is a quotient 
ring if every regular element is a unit, see [MR, sec. 3.1.1]. See also [MR, sec. 2.1.14] 
for the definition of the quotient ring of a ring A. Let Frac(A) denote the quotient 
ring of A whenever it is defined. 

A subring A of a quotient ring B is an order (in B) if every element of B has 
the form aib^^ = 62 for some 01,02,^1,^2 ^ A, see [MR, sec. 3.1.2]. Then 
B = Frac(A). Further, a ring is an order in its quotient ring whenever the latter is 
defined, see [MR, sec. 3.1.4]. An order A in a quotient ring B is maximal if for any 
order A' C B and any 01,02 G A such that A C aiA'a2 we have A = A', see [MR, 
sec. 5.1.1, 3.1.9]. By a maximal order we'll always mean a ring with a quotient ring 
which is a maximal order in its quotient ring. 

For the definition of a Pl-ring see [BG3, sec. 1.13.1]. A ring which is a module 
of finite type over a commutative subring is a Pl-ring, see [MR, cor. 13.1.13(iii)]. 

An order in a central simple algebra is a prime ring. Conversely, let A be a 
prime Pl-ring. Then Z(A) is a CID and A is an order in its quotient ring. The 
latter is equal to Frac(Z(A)) ^z{A) A, a central simple algebra over Frac(Z(A)). 
This is Posner's theorem, see [MR, thm. 13.6.5] for details. 

For a future use, let us quote the following. 

A. 10.1. Proposition, (o) Let A be a prime ring which is a module of finite type 
over Z{A). Assume that A is a maximal order and that B C Frac(A) is a subring 
containing A. If is a Z{A)-module of finite type then we have A = B. 

(6) Let A be a NID and let G Aut{A). The twisted polynomial ring A[x; cj)] is 
a NID. // 0' = 1 and A is a maximal order then A[x; 4>] is a maximal order. 

Proof : (o) The ring B is an order in Frac(A) by [MR, cor. 3.1.6(i)] and Frac(A) = 
Frac(Z(A)) CB)^(a) A. Then, since B is Z(A)-modulc of finite type there is an 
element ^ z & Z{A) such that B C z~^A. Thus B = A, because A is maximal 
in its equivalence class. 
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(b) The first assertion is proved in [MR, thm. 1.2.9]. Let us concentrate on the 
second one. Recall that A[x;(f)] is the algebra generated by A and x with the 
additional relations 

{a(g) x^){b(g) X-'') = acp^b) ^ . 

By [DP, sec. 6.3] it is an order in its quotient ring. We must check that it is 
integrally closed. Fix an element 7^ 2; in Z(A[x;4>]) and A' be an algebra such 
that 

A[x;(j)\ C A' C z~'^A[x;(p]. 

We must check that A[x;(f>] = A'. Let I be the order of (/). We'll write y = y' 
if y, y' G A[x; 0] coincide up to terms of lower degree in x. Fix b ^ such that 
z = bx'^. Since 2; is a central element, we get abx'^ = bx^ a for all a G A. Thus 
ab = b (jf {a) for all a. So 6' G Z{A). On the other hand, for each A; ^ 1 an obvious 
induction yields 

= z'^-^bx'" = bz^-'^x'' = 6(6'=-^a;('=-^)^)x^ = b'^x^''. 

In particular z^ = Ux^^ . So, up to changing z with z\ we can assume that z = bx'^ 
and that b belongs to Z{A). 

Fix y in A' and 7^ a in A such that zy = ax*. For m ^ s we have zyx'^~^ = 
ax™. Put m = l{s + 1). Then zyx"^~^ = ax''^^~^^\ So for each k ^ I we get 
{zyx''^~^Y = o)^x^^. Further {zyx"^~^Y = z^~^ z{yx'^~^Y , with z(yx™~*)^ G 
A[x; 0] and z'"'^ = b'^-'^x^^''^'^'' . Thus a'' G b^'^A. Recall that Z{A) is a CID and 
that 7^ 6 belongs to Z{A). Thus {a/b)^ G 6~-'^A for each /c, where both terms 
are viewed inside Frac(Z(A)) (8)z(a) A. Thus c = a/b G A, because A is integrally 
closed. 

Recall that zy = ax* and z = bx^ . We claim that s ^ r. Indeed, for each k ^ 1 
there is an element a' G A such that 

a'x''' = (zy)'' = b'^-^x^'^-^^^'zy'' 

(note that y'' G A'). Hence ks ^ {k — l)r for each k ^ 1. 

We can now prove that y G A[x;^]. Assume that y ^ A[x;(?!)]. Choose y such 
that s is minimal. Put y' = y — ex*"*". Note that cx^~^ G A[x;(/)], because 
s ^ r and c G A. The element czx^~^ has the same leading term as zy. Since 
czx'^~^ = zcx^~^, we get that y' G A', zy' G A[x; (p] and zy' has a degree < s. By 
minimality of s we have that y' G A[x; 0]. Hence y = y' + cx*"'' G A[x; 0], which 
gives a contradiction. 

□ 

Let A be an algebra over a commutative ring A. A trace is an A-linear endo- 
morphism tr : A — >■ A such that 

tr(a6) = tr(6a), tr(a)6 = 6tr(a), tr(tr(a)6) = tr(a)tr(6), Va, b. 

Let B = tr(A). Note that B c Z{A), a subalgebra, that tr is B-linear and that 
A = B © Ker (tr) as B-modules. 

Let A be a prime ring which is a module of finite type over a subring of Z{A). 
The simple algebra Frac(A) is equipped with the reduced trace. Let B = tr(A). 
If C C Z{A) and Z{A) is an integrally closed domain then B C Z{A). If A is 
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a maximal order then Z{A) is an integrally closed domain and B = Z{A). Thus 
Z(A) is a direct summand of A as a Z(A)-module. 

For the definition of an Azumaya algebra (over its center) see [BG3, sec. III. 1.3] 
for instance. More generally, let X be a Noetherian A-scheme. An Azumaya algebra 
over X is a sheaf of O^-algebras £ G Coh{Ox) such that £{U) is an Azumaya 
algebra over 0{U) for each open subset U d X. 

Let A be an affine algebra over an algebraically closed field K. Assume that A 
is prime and is a module of finite type over a subalgebra of Z{A). Then Z{A) is a 
CID and there is a multiplicative subset S C Z{A) such that S~^A is an Azumaya 
algebra over S'^^ZiA). See [BG3, sec. III.1.7]. 

Let A be an affine algebra over a Noetherian commutative ring A. Assume that 
A is a module of finite type over an A-subalgebra B c Z(A). Note that the A- 
algebra B is finitely generated by the Artin-Tate lemma, see [BG3, sec. L13.4] and 
the reference there. Following [BG2] we say that A is a Poisson order over B, or 
over Spec(B), if there is an A-linear map 

6 DcrA(A), b ^ Ob 

and an A-linear Poisson bracket on B such that 9b{b') = {b, b'} for all b, b' G B. 

Now, let X be an A-scheme of finite type. A Poisson order over X is a coherent 
sheaf of Ox-algebras S such that S{U) is a Poisson order over U for each open 
subset U C X. 

Next, let / : X — )■ y be a Poisson A-scheme homomorphism, i.e., a A-scheme 
homomorphism such that the canonical map 

/* : r'Or ^ Ox 

is compatible with the Poisson brackets. For any Poisson order T over Y the sheaf 
f*J-' has a natural structure of a Poisson order over X. Given a Poisson order 
£ over X, a morphism of Poisson orders T ^ £ is a morphism of Ox -algebras 
/* J" — ^ £ which is compatible with the A-linear maps 

0{U) ^ DeTA{£{U)), 0{U) ^ DerA((/*-F)(t/)). 

We may also use a relative version of Poisson orders. Let / : A — )■ y be morphism 
of A-schemes of finite type. To simplify we'll assume that Y is an affine Poisson 
scheme. Let £^ be a coherent sheaf of Ox-algebras. The composition by / yields an 
algebra homomorphism (pj : 0{Y) — > £. We'll say that £ is a Poisson order over / 
if there is an A-linear map 6 : 0{Y) — > DerA(f ) such that 

eb{<Pf{b')) = ct>f{{b,b'}), yb,b' eo{Y). 

Note that a Poisson order over X is also a Poisson order over /. 
Recall the Hayashi lemma. 

A. 10.2. Proposition. Fix an A-algebra A and an element h E A which is regular 
in A. Let A — t- A = A/hA, a a be the canonical map. 

(o) Fix an element a G A such that a G Z{A). For each 6 G A there is an 
unique element {a, 6) G A such that h{a, b) = [a, b] . The assignment 6a '-b^ (a, b) 
defines a derivation of A. 

(b) The assignment {a,b) i— > 9a{b) gives a Poisson bracket on Z(A). If A is a 
Z{A)-m,odule of finite type then it is a, Poisson order over Z{A). 

Note that the derivation Oa G Der(A) depends on a but that its restriction to 
Z[A) depends only on a. We'll also need the following standard result. 
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A. 10.3. Proposition. 

(a) Let A he a Poisson order over B. // A = C and the points a;,y : B — t- C 
belong to the same symplectic leaf then the fibers of A at x,y are isomorphic 
as C-algebras. 

(b) Let S be a Poisson order over a proper map f : X with Y affine. Then 
H*{X,£) is a Poisson order over Y. 

(a) Let f : X ^ Y be a Poisson scheme homomorphism. Given a morphism 
of Poisson orders T ^ E, the image and the cokernel of the natural map 
f*T — > E are Poisson orders over X. 

Proof: (a) See [DP, sec. 11.8] and [BG2, thm. 4.2]. 

(6) First note that H*{X,£) is a 0(y)-module of finite type. Further, as X is 
a Noetherian separated scheme H* {X, £) is the cohomology of the Cech complex 
of an affine open cover X = [J^^j Ui. The map 9 factors to 0{Y) — > DeTA{£{Uj)) 
for each intersection Uj = Di^jUi. As it commutes with coboundary maps of the 
Cech complex, the cohomology ring H*(^X,£) is a Poisson order over Y. 

(c) Obvious. 

□ 

A.ll. Proof of 2.3. 

Proof of 2.3.3 : (a) Fix V G Mod}^{tA)- We must prove that V+ is A-flat. This is 

done as in [APW, 3.5-3.6], using the standard resolution of V constructed there. 

The second assertion follows from the universal coefficient theorem. Since a 
acts regularly on V the module V embeds into the module of quotients 14 . So 
= Vn {Va)~^. Hence a acts also regularly on the quotient V/V~^. Since A is an 
ID this yields ToTf{V/V+,k) = 0. Thus V+ (^k G {V ^k)+ . 

The last claim in (a) is identical. 

(6) Follows from A.9.1 and [P, thm. 3.3]. 

□ 

Proof of 2.3.4 : (a) The maps ^(g) 5< and ^(g) (9t> o k) yields A-module isomorphisms 
Da ~ Fa (8) Ua and c± Fa (8) Fa. The map ij) gives an A-module isomorphism 

Sa ^Fa0Va0Fa(»Fa. 

It factors to an A-module isomorphism §A.i ^ Fa,^ (8) Va ^ Fa (8) Fa for all i. Thus 
§A is A-free, §A,i is A-flat and §a C SA.i because Fa is a domain. 

We have Ma Fa 8) Va and RA,i ^ FA,i 8) Va. So Ma is A-free, MA,i is A- 
flat, Ma C RA,i and MJ c M^ .. The action of -u G U^-^a on Ma takes / (8 w to 
{f <l{u2)) (8 (adMi)(w). Thus it is locally finite. So MJ, Wl^^ are A-flat by 2.3.3(a). 

Now we'll consider only the A-module Ma. The proofs for Sa is identical. 

(6) On localizing and taking lLJ7r,A-invariants the natural map Da Ma factors 
to DJ — >■ MJ_^. Assume initially that A is a field. The argument in A. 6. 3(a) yields 
an exact functor 

Mod}\V^^A) Mod{¥l^i), V ^ (FA,i ® VY . 

Thus the map DJ ■ — > M^ ■ is surjective. If A is no longer a field it is enough to 
check that the g-analogue of Kempf's vanishing theorem holds again. In [R] it is 
proved for fields. This is a consequence of [APW] . Indeed let A G X+ . For any ring 
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homomorphism A — ^ k with k a field we have EI^(A) (8) k = EI*(A) by base change, 
see [APW, sec. 3.3]. Here M\{\) is as in section A.9. Thus H>°(A) (g) k = for all 
k. Thus 1HI^°(A) = 0. So it vanishes again for any A by base change again. 

(c) The equality MA(8)k = Mk is obvious. Let us prove the corresponding assertion 
for R\. The l{V^) (8> U-module isomorphism M+ ~ F O'^F given by 1.7.2(6) yields 
the L{t!n,A) ilA-submodule M+^a — 'X'^'Fa of Ma- Here Ua acts on Fa from 
the left and i(Ujr,A) on both Fa,'^Fa from the right. Further Ma is the localization 
of M_|_^A at c = 1 (8) cii. Since c is U7r,A-iiivariant and direct limits commute with 
tensor products and taking invariants, 2.3.3(6) yields 

MX k = (lim c-"M+,a)'' (8 k = lim c-"(M!^^a ® k) = lim c-^M!^^^ = K- 

□ 

Proof of 2.3.6 : (a) Taking tensor products is right exact. 

(6) Identify Sa with Ma <E) via the map V- Let S^J^^^ = ^+,A ® ^'a- Let 
c G ^ be as above. We abbreviatte c = ^(c (8) 1), an element in E>'^ ^. Note that 
§A is the localization of the subalgebra §+^a 

We claim that the adjoint U^-action on S+^^ has a good filtration. It is enough 
to check that so does the left action on M^ ^ by [P, thm. 3.3] and A.9.1(6). The 
U^-module ^ is the tensor product of the left U^-action on F^ and the contra- 
gredient left U^-action on'^F_4. Thus the claim follows from [P, thm. 3.3] again. 

Now part (6) follows from A.9.1(a) as in the proof of 2.3.4(c). 

(c) Recall that is a closed subset of = D x Rt^. Since r = 1 in kc we have 

SI = 0(5,,kJ, Tk, = 0(T,,kJ. 
See 2.5.7(a) and 2.6.11(a) for details. Further, part (a) and 2.3.4(c) yield 

S:^K = SZ^, T,®k, = Tk,. 
Next, we have Tc = SJ/Jc and the left ideal Jc C is generated by the set 

(All.l) {dcK{Cij)-T-^edij}. 

Under specialization to kg this set yields a regular sequence in 0(5^ kc); because 
^TT.kc C 57r,kc is a complete intersection of codimension by 4.1.1(6). Recall that 
Ac is a DVR with residue field kc. To prove that the Ac-modules Tc, are flat 
it is enough to prove that Tc is torsion-free. By 2.3.4(a) the Ac-module is flat. 
Therefore we are reduced to check that the elements in (A. 11.1) satisfy the relations 
in A. 11. 2 below. Recall that the symbol Cij in (A. 11.1) denotes an element in F^, 
see the definitions of dc and k in Section 1.10 and 1.7.1(a). The defining relations 
of F^ in 1.7.1(6) can be re-writen in the following way (left to the reader) 

q ^q SjiCipCp^ ^ ^ <^imQpCpj ) -|- 

j>p m>p 

q~^)^^ij{Si>l - Sj>m)'^ClpCpm, yi,j,l,m. 
3>P 



q^^i+^^j CimCij - q^"^^''CijCim = {q- 

+ {q- 

+ {q- 
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So the flatness of the Ac-modules Tc, T+ is reduced to a routine computation. 
Now, consider the commutative square 

S^'+ ® kc ^ T+ ® kc 

K'^ T+ . 

The lower map in the diagram is the restriction 

It is surjective by A. 11. 3, because p is large. The right map is injective because Tc 
is Ac-flat, see 2.3.3(a). The left map is invertible by part (6). Therefore the right 
map is invertible, i.e., we have T+ kc = . 

□ 

A. 11.2. Lemma. Fix an A-algebra A and an element h £ A which is regular in A. 
Let A — ^ A = A/ HA, a be the canonical map. Assume that A is a commutative 
ring. Fix ai,a2, . . . ,ar € A such that (ai, 02, . . . a,.) is a regular sequence in A. 
Let I C A be a left ideal generated by ai, 02, . . . , Oy. If Tijajai — a^aj G hi with 
Tij G 1 + ^A then h acts regularly on A/I. 

Proof : Given an element a £ A such that ha E I we set ha = X]i=i with 
bi, . . .br € A. We have = J2l=i ^i^-i- Since (oi, 02, . . . a^) is a regular sequence, 
we have hi = Y,l=2^u^i '^^^h 612,... 6ir G A. So (62 + 01^12)02 G YH=3^^i- 
Since {0.2,0.3, .. .ar) is regular sequence, we have 62 + «i^i2 = Yli=3^2i(ii with 
623, ■■ ■ b2r G A. In this way we construct inductively an element bij G A for each 
i < j such that 

bi = ^bijaj -^bjiOj. 

j>i j<i 

Now flx ci , . . . Cj. G A such that 

5i = ^ TijbijOj - ^ bjiOj + hci. 

We have 

h{a - ^ Ciai) = ^ bij{Tijajai - OiOj) G hi. 

i j>i 

Thus ha G ^I. Since h is regular in A, we have a G I. Thus for each a' G A/I we 
have a' = whenever ha' = 0, i.e., h acts regularly on A/I. 

□ 

A. 11. 3. Lemma. LetH be a split reductive group overZ. Let A, B be commutative 
finitely generated H-rings. Let 93 : A — )• B 6e a surjective H-equivariant ring 
homomorphism. There is a Zariski open subset U C Spec (Z) such that for every 
closed point ?7 — > k the induced morphism (A0k)-^ — > (B(8)k)^ is again surjective. 

Proof : The torsion subgroup of B is a B-module of finite type. Thus there is an 
integer r 7^ such that for each ^ k, k a field, we have Torf(B,k) = 0. Set 
M = Ker (</?) . There is an exact sequence 

0-)-M(g)k-)-A(8)k^B(8)k^0. 
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Since M is a A-module of finite type tliere is an integer s such that if Zg — > k 
then {H, M (g) k) = 0. See [CV, Theorem B.3] for instance. Thus if Z^^ k then 
we have an exact sequence 

^ (M ® k)^ ^ (A (g) k)^ ^ (B ^ k)^ 0. 

□ 

A.12. Proof of 2.4. 

Proof of 2.4.3 : (a) Recall that V = U'/Iy. Let V C V be the image ofW. The 
map 3(7' o i : ^{G) — ^ W yields a ^Tr-algebra isomorphism 

0{G)/{c,,-6i,;j^l)^V. 

The Ihs is isomorphic localization of the subalgebra of 0{G) generated by {cji} at 
cii. So there is a G^-algebra isomorphism 

0{A2) ^ 0{G)/{cij - Sij-J ^ 1), Vi + ,5a ^ c^. 

Thus the map (A.8.4) 

factors to a X G-algebra isomorphism 

: 0{R) = 0{G) 0{A2) ^ 7^. 
Now, we must prove that there is an algebra isomorphism 

It is enough to prove that the algebra homomorphism 

r : 0(r*A") ^ 0{G x A")«-, Vi^Yl ® ^j'' ^ c,,,^, ® 1 

i 

is invertible, because T{^^Vi(pi) = 1 iS) Vi. To prove this, observe first that r is 
invertible over k. Next, note that r is a graded homomorphism and each graded 
part is a A-module of finite type. Therefore, to prove that r is invertible it is enough 
to check that 

0{G X A")^- ® k = 0(Gk X AjJ)^"-'-. 

This follows by a standard argument with good filtrations. 
Finally we must check that the map 

G X A- ^ {{v, ^) G T*A-; <p + 0}, (5, v) ^ {g-\ ^,g). 

is a ^TT-torsor, where Gt^ acts on the Ihs as in (2.4.1). This is left to the reader. 

(6) The first claim is obvious, because d^{U') C TZ'^. The algebra homomor- 
phisms 
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and the canonical maps V ^TZ, TZ^ — ^ 71 give the commutative square 

0{G) V 

w -)■ 7^. 

Since is a Hopf algebra homomorphism (A. 5.1) and (A. 8.4) yield 

to'(/)=3l?W/l)/3®4/2)), V/. 

Thus the upper arrow is the comorphism of the map D ^ G, ig,h) g~^h~^g. 
Further, the right one and the lower one are the comorphisms of the maps 

R-^D, {g,v) ^ {g,e + v(S)ifi), 

R^Rn, {g,v) ^ {g~^v,(pig). 

(c) Let C F be the subalgebras generated by {{cuY}, {{cnY}. Note that 

V, '^F are free of rank /" over V, '^J- and that V is the localization of '^J-' at (cn)'. 
Identify R with F (g) V and TZ with V. Then R is a free 7^-module. Similarly 
R"^ is a localization of R!j^, we have R!j^ c± F'^ (g'^F and F"^, '^F are free of rank Z" 
over T'" This yields the second assertion. 

□ 

Frooi of 2.4.4 : The open sets 

R7v,i = {{v, <f) e R^; ipi ^ 0} 

form an affine open cover of i?^. We claim that 9^(i?7r,j) is an 0(i?7r,i)-module of 
finite type for all i. Note that 

0{RTT,i) = Tli, ^{Rn,i) = R^) 

the local rings of TZ'^ , R'^ at {cuY, cu. Further is a P^-module of finite type 
and the natural map — >■ R?" is surjective by 2.3.4(6), (d). Hence the claim is 
obvious. 

Now we set A = C. We have 9>(U') C R'' by 2.2.3(a) and 

3[/.(S) = {kx;Xe 21X+}. 

Thus 9^(-R7r,s) = Re- ^ quantum torus by 1.9.1(6). So it is an Azumaya 

algebra. 

□ 

A.13. Proof of 2.5. 

Proof of 2.5.6 : (a) See the proof of 2.4.4. 
(6) For each i let 

(A13.1) S^,i = Dx R^^i, R^^i = {{v, if) e R^; <pi + 0}. 

The sets S'tt.j form an affine open cover of S.,^. Thus we have 
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Hence there is a canonical inclusion S'^ — >■ Gt^IStt)- To prove the first claim it is 
enough to check that this map is invertible. We have F = Hj-^j- Thus we have 
S = Sj. The claim follows. Next, the U-module 

(^.13.2) 6ASn,s) = 

is locally finite for each s. Thus the U-module &n{Sn,o) is also locally finite. 

(c) Set A = C. By 2.4.5(6), A.17.4 the set S^,<,{C) consists of the tuples 
{g,g',v,ip) such that 

det{(pmi,(pm2, ■ ■ ■ , ^rrin) ^ 

where mi,m2, ■ ■ ■ rrin are non-commutative monomials in g,g'. This yields the 
second claim. The first one is obvious. The last claim follows from the second one. 

(d) Set A = C. We have 6^(S'^,s) = S|. By 2.2.6(6) the map tp yields an 
A-linear isomorphism 

By A. 7.4(c) there is a positive filtration of such that this isomorphism is multi- 
plicative up to lower terms where, in the left hand side, homogeneous elements in 
Rg, may only quasi-commute with each other. Thus is an Azumaya algebra 
over S'tt^s by 2.2.4, 2.4.4 and standard filtered/graded techniques, see [VVl]. 

(e) Set A = C. First, we prove that Os^ = Z{&t^). Recall the affine open cover 

i 

introduced in (A.13.1). By (2.5.3) we have an algebra embedding 

Note that S'^ is an ID by 2.2.6(e). Therefore Z{SJ) is a CID and a 0(5^,0 -module 
of finite type. Further we have 

Frac(0(5,,i)) = Frac(Z(Sn), 

because is an Azumaya algebra over 5,r,s by part (d). Finally C(57r,i) is an 
ICD. So we have 

(A13.3) 0{S^,i) = Z{SJ). 

Hence we have 

We have C = A/{q - r) with A = C[q^'^]. Further Sf = ^ (g) C by 2.3.4(c). 

Setting h = l{q^ — q~^) in A. 10.2 we get a Poisson bracket on 0{ST^^i) for each i by 
(A.13.3). These Poisson brackets glue together, yielding a Poisson bracket on 

i 

Next, the coaction of G on 5^ is a Poisson algebra homomorphism 

0{S^)^0{G)®0{S^), 
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because it is the specialization of the coaction map 

and the latter is an ^-algebra homomorphism since is an U^-algebra. So the 
G-action on St^ is a Poisson action, i.e., S^^ is a Poisson G- variety. 

Now we prove the second claim. The sets S^^^i form an affine open cover of 5^. 
Further Sf is a Poisson order over St^^^ for each i by A.10.2(6), (A.13.3). Thus ©tt 
is a Poisson order over iStt . 

Finally we prove the last claim. We must check that for each s G 0(St^)~^ which 
is homogeneous of positive degree the algebra S^^-j = (S^ )° is a Poisson order over 

0{St^^s)^- Recall that the superscript means U-invariants, see (2.3.2). Since 6,^ 
is a Poisson order over S-,^ we have that is a Poisson order over S^j^^g by (A.13.2). 
Thus the claim is proved by taking invariants. 

□ 

A. 14. Proof of 3.4. 

Proof of 3.4.6(a) : Left H-action on Ho yields a ring homomorphism 

r? : H EndsH(Ho). 

We have EndsH(Ho)* = EndsH*(H*o). Thus, under localization the map rj yields 
a ring homomorphism 

r?* : = Do,* xT,^^ Endj^^„ (Do,*)- 

This map is invertible (left to the reader). Thus, since H C H^, the map rj is 
injective. The cokernel of is a torsion >C-module. Using one shows easily that 
it is supported on a closed subset of Spec (C) of codimension ^ 2. Recall that the 
>C-module H is free, and that EndsH(Ho) is a torsion-free £-module of finite type, 
because it embeds in the free £-module of finite type End£(Ho). Thus the map rj 
is invertible by 3.4.4. 

Next, we must prove that the inclusion Z(H)o C Z(SH) is an equality. The 
right action of an element z G Z(SH) on Ho lies in EndsH(Ho). Hence it is equal 
to r]{x) for some x G H. In particular we have 

x'xo = x'oz = xx'o, Vx' G H. 

Hence we have also 

x'xx"o = x'x"xo = xx'x"o, Vx, x' G H. 

This implies that 

??([x,H]) = 0. 

Thus we have x G Z(H.), because rj is invertible. So we have z = a~^xo G Z(H.)o. 

□ 

A.15. Proof of 3.5. 

Assume that ao is invertible. For each integer r > recall the finite subset 
Xr C X from section A. 9. Let ^^(BIa) C Ha be the A-submodule spanned by the 
elements xxtwVx' with {X,w,X') G Xr x x X^.- Put 



i?;(SMA) = sHa n Fr{MA). 
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A. 15.1. Lemma. 

(a) The A-module Fr{M.j^) is a direct summand o/Ha of finite type, 
{b) We have F^(Ha) • Fs{Ma) C F^+«(]HIa). 

(c) The A-module ^^(SEIa) is a direct summand o/SHa of finite type. 

Proof: (a) Obvious by (3.1.1). 

(b) Let F^(Ha), F^(Ha) C Ha be the A-submodules spanned by the elements 
x\twy\' with {X,w, A') G X S„ X X, X X E„ X respectively. We have 

Fr{MA) = F^{mA)nFy{MA). 

Thus it is enough to prove that 

F^iMA) ■ (Ha) C ^;"+,(Ha), F,«(Ha) ■ F,J'(Ha) C F,\,(Ha). 

We have Xr + Xg C X^j^s- Thus to prove the first inclusion it is enough to check 
that t-u,xx € -F^(Ma) for each {X,w) G X^ x S„. The second inclusion is identical. 
We may assume that w = Si, a simple afhne reflection. Recall that 

tiXx = Xs.xti + (C - C^){xx - Xs,x)/ (1 - Xoc,). 

Thus we have 

Uxx e Hi, 

where J = {0, 1, • • • — Oj • A} if • A ^ and J = {— • A, • • • — 2, —1} else. We 
have also A + jai G Xr for each (A, j) e Xr x J. So ^^xa G -F^(Ha). 

(c) Since o G -Fo(Ha) we have oFr(MA)o C ^^(SHa) by part (6). Inversely 
there are inclusions ^^(SHa) C o-Fr(SHA)o C oFr{M.A)o because oxo = a^x for all 
X G SHa. Thus we have 

F^(SHa) = oF^(Ha)o. 
So Fj.(§Ha) is a direct summand in ^^.(Ha), hence in Ha, hence in SHa. 

□ 

Let SH^ c SHa be the A-subalgebra generated by oX^" and oY^" . For each 
integers a, 6 we set Pa,b = YliXiyf- Let Fr(SHi) SH^ be the A-submodule 
spanned by the elements of the form 

where a, ai,b,bi ^0 are integers such that r ^ ^ ■ ^ a and r ^ bi ^ 6. 

A. 15.2. Lemma. Let A 6e t/ie localization of C[q^^ ,t^^] at the multiplicative set 
generated by — 1, ... , g^" — 1 and Og. We have 

(a) SHa = SH^ + (t^ - 1)SHa, 

(b) F^(SHa) = Fr{SM'j^) + (t^ - I)F^(SHa). 

Proof: (a) Let A be the A-algebra consisting of the S„-invariant elements in the 
quantum torus generated by Xj, x^^, yj, y^^ modulo the relations 
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^iVj Q ^''Yj^ii ^i^j ^jVi: YiVj YjYi- 

There is an obvious A-algebra isomorphism 

mA/{t^ - 1) ^ A. 

It takes SH^/(i^ — 1) onto the subalgebra A' c A generated by the symmetric 
monomials in the Xj's and the symmetric monomials in the yj's. We must prove 
that A' = A. 

For each integers a, b we set 

i 

A classical argument due to H. Weyl implies that the A-algebra A is generated by 
the set {pa,b', a,b G'Z}. We have 

(1 - g"^")Pa,6 = [Pa,6-1, PO,l]- 

Thus an induction on b shows that Pa^b ^ A' for each a = 1,2, ... n and 6^0. The 
case 6 ^ is identical. Now we have 

n 

Pa,b = y~](-l)'~^Xc^.pa-t,b, 
i=l 

where x^^. is the i-th elementary symmetric function. So Pa,b G A' for each a, 6 G Z. 
(6) We have -Fr-(SBI^) C i?V(SElA). Further, the proof in (a) implies that 

F^(SHa) C F^(SH;^) + - 1)SHa. 

Finally A.15.1(c) yields 

{t^ - 1)SMa n F^(SMa) = (i^ - I)F^(SMa). 

Thus we have ^^(SHa) C ^^(SH^) + (t^ - 1)SHa. The other inclusion is obvious. 

□ 

Proof 3.5.1 : Let us assume temporarily that A is as in A. 15.2. Note that 

Ma = SMa/SH;^ 

is a X^" (g) Y^" -module of finite type by (3.1.1), with X^" acting by left multipli- 
cation and Y^" by right multiplication. Thus the support of the A-module Ma is 
a closed subset S C Spec (A). By A. 15.2(6) we have 

F,(Ma) = - l)Fr(MA), Vr. 

Since localization commutes with direct limits, this yields 

5 C {tV !}• 
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Now consider the open set 

U = {{T,C)e r,(C); r^ . . . , r^- ^ 1, a„ ^ 0}. 

Since k > 2n there is a point (e, 1) E U. So U ^ 5(C). Since the curve Fc is 
irreducible the set S{C) PI [/ is finite. Hence (r, () ^ 'S'(C) if I is large enough. Thus 
Af4^ = 0. Therefore we have 

In particular, under the assumptions in 3.5.1 we get an algebra isomorphism 

SH = SH'. 

The proposition is now obvious. Set A = C. By (1.11.3) we have algebra 
homomorphisms 

L' : Z(F') ^ Dg:, L:Z(U')^Dg:. 
By definition of $ we have inclusions 

L'{Z{F')), L{Z{V')) C $(T0). 

Further it is well-known that 

*(o/)=L'(/), ^{ou)=L{u), V/GX^",«G Y^", 

see [C], [K2, Theorem 5.9]. Therefore we have 

*(SH) = *(SH') c $(T°). 

□ 

A.16. Proof of 3.6. 

Proof of 3.6.1 : The functor 

F* : Mod{A) Mod{oAo), M ^ oM 

is exact. Its right adjoint is given by 

F^N) = ilouioAo{oA,N). 

There is an isomorphism F* o F^, ~ idMod{oAo)- So Mod{A,o) = Ker(F*) is a 
localizing subcategory and F* factors to an equivalence 

Mod{A)/Ker (F*) Mod{oAo) 

by [G, prop. III.2.5]. 

□ 

Proof of 3.6.5(a) : First, let us give more notation. Let b C sIr be the Iwahori Lie 
subalgebra associated with the set of positive roots 11+ , see section 1.1. Let B be 
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the set of Lie subalgebras in sip which are S'L(F)-conjugated to b. Let tt be the 
unique morphism 

TT-.B-^g, (ad<7)(b) ^ (ad5)(slR). 

The automorphism a = CLs,r,c ™ (3.6.3) yields an automorphism of B. The fixed 
points subset, B°', is a disjoint union of smooth connected 5'L(F)"-varieties. We 
write 

B'^=\jBt. 

Next, we set 

= {{x, p) G AA" X B^-^x G 

Let also ^'^M:^j,-^Af:^j,^J\f-j denote the set of triples {x,p,p') with, respectively, 
X G p+ n n a/"", (p,pO g e," X Bf X X B]. 

Consider the vector spaces 

^=n©^(''-^")' 'F=n0i^c-A^i), 'p=n©^('-^")- 

Recall that the convolution product in if-theory, denoted *, yields C-algebra struc- 
tures on K, SK, see (3.6.4). It yields also linear maps 

*: 2p (g) K (g) ^ SK, *: ^P (g SK (g) ¥ ^ K. 

See [V] for details. Put o = Yl- ^ Oij, ^^o = Yl- ■ ^^Oij, etc., where 

Oij G SK, ^"^Oij G K, ^Oij G ^P '^Oij G 

are the fundamental classes of 

{(a;, p, p'); P = p'}, {{x, p, p'); 7r(p) = 7r(p')}, 
{{x, p, p'); 7r(p) = p'}, {(x, p, p'); 7r(p') = p}. 

We define linear maps 

CK : IK SK, x ^"^o * X *^o, 
^ : SK K, x^^o *x*'^o. 

The unit of SK for * is Isk = o. The unit of K for * is the product of the 
fundamental classes of the varieties {(a;,p,p');p = p'}. We'll denote it by \k- 

Further, it is proved in [V, thm. 4.9(i), sec. 6.1.1] that there is a C-algebra 
homomorphism 

^' : He ^ K 

which is continuous with a dense image. Here K is given the finite topology as in 
section 3.6. A routine computation yields the following lemma (left to the reader). 
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A. 16.1. Lemma. The following relations hold 

(a) we have a{lK) = 'y^sK for some 7 G C^, and P{1sk) = ^^o, 
(h) we have *(SEIc) = ^^o * ^(Mc) * ^^o. 

Prom A.16.1(a) we obtain 

al5{x) = a^lx) *x* a{lK) = 7^x, Wx G SK, 

I3a{x) = I3{1sk) *x* P{1sk) = ^^o * x o, Vx G K. 

So P factors to an isomorphism 

^ : SK * K * ^^o. 

Thus, by A. 16. 1(6) the map ^ factors to a continuous algebra homomorphism 

: SMc SK 

with a dense image. So the pull back of a smooth simple SK-module by S^ is a 
simple SHc-module. It yields a map 

{smooth simple SIK— modules} — > {simple SMc— modules}. 

The injectivity is obvious, see the proof of [V, thm. 4.9{iv)]. 

□ 

A.17. Proof of 4.1. 

Proof of 4.1.1(b) : Let us prove that r-^,+ is an integral complete intersection 
of dimension 2n + n^. Let C G+ be the set of diagonalizable matrices with 
eigenvalues hi, h2, . . . hn such that C^'^j each i,j and hj 7^ hi for i 7^ j. 

Let T7r,+,* C r^,+ be the set of tuples {h,g',v,(p) such that h G Set = 

n H. Each G-orbit in 7"-^,+,* contains a tuple of the form {h,g',v,(p) with 
h G and ^r' a matrix with (i,j)-th entry Vi(pj/{(^^hj — hi). So we have 

r,,+,^~(if+,^xT*A'^)xHG. 

It is smooth, connected and of dimension 2n + n"^. 

Since T-n- _|_ is given by equations, each irreducible component has dimension 
^ 2n + n^. We claim that the closed subset 

has dimension < 2n + n^. Thus r7r,+ is irreducible of dimension 2n + n^. Further 
it is generically reduced and a complete intersection. So it is reduced. 

Now, we concentrate on the claim. Let Jfc(a) be the Jordan block of size k and 
eigenvalue a. Let m be the order of Note that m ^ 1. Fix g G G+ of the form 

Here we have ^ Ab("^'^ if o 7^ 6, ia^g is an integer ^ and fc^^^ = {fea,s,i;^ = 
1, 2, . . . , ia^s} is a decreasing sequence of integers > 0. Set na,s = Ylif^a,s,i and 
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Ha = Yla s "^a.s for all a. We'll assume that na 7^ and that Ua^s = if = and 
s 7^ 0. Note that g ^ iff at least one of the following conditions holds 

• Aa = for some a, 

• na,a,na,s-i 7^ for some a, s, 

• '^a,s > 1 for some a, s. 

The decomposition g = Q^^^i ga yields a partition of C", C"'* into r subspaces. 
For each v G C", ip G C"'* let v = X]a'*^(^)' ^ ~ Yla'^i^) corresponding 
decomposition. We have also a decomposition of each matrix A G G+ as a sum of 
blocs A{a,b). In the same way the define the bloc A{a,s,i,b,t,j). Let a^ y be the 
(x,y)-th entry of the bloc A{iy). We may abbreviate a^^y = y when the bloc is 
clear from the context. As usual we'll set a^j^'*''''*'-' = if y < 1, a; < 1, x > ka,s,i 
or y> kb,t,j- 

For g G G+, 2; G C we put Kg^^ = Ker = lm.{Zg^z) where 

Zg,,: G+^G+, g' ^gg' -z^'g'g. 

Set also 

Consider the map 

q: T^^+^G+, {g,g' ,v,ip) ^ g. 
We have Zg^^{g') + w = for each (g, g', v, (p) G Tt^,+- Thus for g G G+ we have 

dimq~^{g) ^ dim(Vg,f) + dim(Kg,^). 

Therefore we have also dimq'~^(G^) ^ + d{g) where 

d{g) = dim(Vg,^) + dim(Kg,J - dim(Kg,i). 

Recall that we must prove that dim(F) < 2n + ra^. 

For each r = 1, 2, . . . n let G{r) C G-i- be the set of matrices which arc conjugated 
to a matrix ga as above. Given g G G(r) we'll compute d{g) as in [O, sec. 2.3]. 

First we assume that r = 1, i.e., we have g = ga, n = Ua- Note that for each 
w G S„ the set of tuples {v, (p) such that the matrix B = v ® if satisfies hx^w{x) = 
for all X has dimension n. The following holds. 

• Assume that Aa = 0. We have d{g) = dim(Vg,^) by A.17.1(6). If {v, (p) G Vg,^ 
the diagonal entries of v (8) vanish by A. 17.1(c). So ^(^f) ^ n ^ 2n — 1. 

• Assume that Aa ^ and either na,s = or Ua^s-i = for each s. We have 
d{g) < dim(Vg,(;) by (A.17.2). Hence d{g) ^ 2n - 1. Further if na,s > 1 
for some s then either fca,s,i ^ 2 or ia^s ^ 2, and in both cases we have 
d{g) < dim(Vg,c) - 1 by (A.'l7.2), so d(g) < 2n - 1. 

• Assume that Aa 7^ and na,s,?^a,s-l 7^ for some s. The equations in 
A. 17.1(c) are non-trivial. So we have dim(V^_^) < 2n. Thus d{g) ^ 2n — 1. 
Further d{g) < 2n — 1 if ka,s 7^ ka,t for some t by A.17.1(6). 

• Assume that Aa 7^ and ka,s = ka,t for each s,t. Since m > 1 we have 
also n > 1. Choose s = t + I. We have d{g) = dim(Vg,<;) by A. 17. 1(6). 
Given {v,(p) G Vg,^ we put B = v ^ ip. By A.17.1(c) the diagonal entries of 
B{a,s, a, t) vanish. Thus we have dim{g) ^ n < 2n — 1. 
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Now let r be arbitrary. By A. 17.1(a) we have d{g) ^ Yla'^ida)- '^^^ discussion 
above implies that d{ga) ^ 2na — 1 for all a. Further the equality may only occur if 

• Aa = and = 1, 

• Aa 7^ 0, either na,s = or na,s-i = for each s, and na,s ^ 1 for each s. 
In the second case we have necessarily g G So if ^ G G(r) fl (G+ \ 

then ^ 2n — r and the equality occurs only \i g ^ G. For each a the matrix ga 
has only one continuous paramater if A^ ^ 0, and else. So we have 

dim(g-^G(r) n F) < 2n + n^, Vr. 

We are done. 

□ 

A. 17.1. Lemma. 

(a) We have d{g) ^ Y.a d{9a)- 

(b) If r = 1 then dim(Kg^(^) ^ dim(Kg^i) with the equality iff either Xa = or 
ka,s = ka,t for each s,t. 

(c) Ifr = 1 and A G I^^^ has rank one then a°'*'*'°'*''' = ify—x ^ m.m{0,ka,t,j — 
ka,s,i} f^'^d either A(j = or s = t + 1. 

Proof : (a) First we claim that 

We have A e K^,^ iflF 

Jk^.s., (AaC'' s, i, b, t, j) = C''^(a, s, i, b, t, j)Jk,,,„ (A^C'*'), Va, s, i, b, t,j. 

These equations are equivalent to the following ones 

(AaC^*' - A6C^(*+^)^) = C^^a^,j;-i - a^+i,y, Vx, y, a, s, i, b, t, j 

where the upperscript a,s,i,b,t,j is omitted. These equations are also equivalent 
to the following 

• if a 7^ 6 or (a = 6, Aa ^ 0, s 7^ t + 1) then A{a, s, i, b, t, j) = 0, 

• else ax+i,y = C^'ax,y-i for each x = 1,2, ... ,ka,s,i, y = 1, 2, . . . , fcb,tj (in 
particular we have a^^y = if x — y > min{0, ka,s,i — kb,t,j})- 

This implies the first claim. The second one is identical. 

Now, the assignment {v,ip) h-^ {v{a),ip{a)) maps Vg,^ into Vg^,^ because 

A = Zg^^ig') A{a,a) = Zg^,^{g'{a,a)). 

Thus we have dim(Vg,^) ^ ^™(^Sa,c)- done. 

(b) Set r = 1. For each u we put ha,s,u = tt{^; ^a,s,i ^ u}. If A^ 7^ the equations 
above imply that dim(Kg^^) = ^^ ■ ,jmm{ka,s,i,ka,s-i,j}- Hence we have 

dim(Kg,^) - dim(Kg,i) = ^{inm{ka,s,i, ka,s-i,j} - mm{ka,s,i, ka,s,j}) 

s,i,j 

(^ 17 2) ~ ^ ^ ^ ^ h(i^s,u{ha,s—l,u ^a,s,u) 

s u^l 

~ ^ ^ ^ ^_, {ha,s,u ^o,s— l,u) /2- 
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If A„ = they yield dim(Kg,^) = dim(Kg,i) = Y,i,j min{A;a,o,i, ^a,o,j}- 
(c) Set r = 1. Note that A G Ig,^ iff tr{AB) = 6 for all B e K^^^-i. 
Assume first that ^ 0. For each triple (a, s,i) we have 

J2^^iMa,s,i,b,t,j)B{b,t,j,a,s,i)) =0, V5 G K^^^-i 

b,t,j 

iff we have 

ka, s , i 

E^-2lea,s,i,b,t,j _ p. 
^ "'e,v+e — ^ 

e=l 

if y ^ min{0, kh^tj ~ ka,s,i}, a = b and cither s = t + 1 or = A5 = 0. The claim 
follows, because the lowest non-zero diagonal of a rank one matrix contains only 
one nonzero entry. 

If Aa = we get the equations 

e=l 

for all i,j and all y ^ minjO, ka,o,j — ka,o,i}- We are done. 

□ 

Proof of 4.1.2 : (a) Fix a tuple x = {h,g',v,ip) G 7^,^. We may assume that 
h G Hi,. The equation m+(x) = implies that the (i, j)-th entry of g' is 

vm/iC^^hj - hi). 

Since the matrix g' is invertible this yields v,ip £ H. Set h' = vtp/h and g = tp/h. 
We have gx = Xh^h'- So T^^^-k consists of all tuples in T^^ whose G-orbit contains 
a representative in {xh,h'',h G Hi,,h' G H}. Thus the assignment {h,h') i->- Xfi,h' 
yields an isomorphism 

Wc have T^^,* C r^,c? and driT^^o) = T^,o- Let us check that T^,* C r^,o- 
Fix h,h' as above. Any subspace of C"'* containing h and stable by the /i-action 
contains h"^ for all m G Z. Thus C""'* is the only subspace with these properties, 
because hi ^ hj if i 7^ j. Hence Xh,h' £ ^tt.o by 2.5.6(c). 

(6) It is easy to see that m-(_ is a submersion at each point of T^,^. So Ttt^^ is 
smooth. The freeness of the G-action follows from 2.5.6(c). 

The proof that q yields an isomorphism — N.^ is easy. It suffices to note that 
if X G Ttt^j, then we may assume that x = Xh,h' for some h, h' by part (a). Then the 
claim is routine. 

Now, let us concentrate on the second claim. We have 0{N) = 0{Tt^)^. By 
A.17.4 the algebra 0{N) is generated by the set 

{(det m)^^ ,tr{m),(p{mv);m}. 

Here TO runs over all monomials in g,g'. Since ms = C^^e over T^, it is indeed 
generated by the subset 

{(detm)^"^,tr(m); m}. 
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So the pull-back by the map C /Stt ^ D, {g,g',v,(p) i-> {g,g') yields a surjective 
algebra homomorphism 

(A17.3) 0{Df -> 0{N). 

The Poisson bracket on 0{N) is the restriction of the Poisson bracket on 0{Tt^). 
By 2.2.3(e) we have 0{D) = Z(D'). Thus A. 10.2 yields a Poisson bracket on D. 
The inclusion 0{D) c 0{St^) is a Poisson homomorphism. See the proof of 2.5.6(d). 
So the map (A. 17.3) is a Poisson algebra homomorphism. Thus, to compute the 
Poisson bracket on it is enough to compute the bracket on D. To do so we may 
assume that / = 1. By 1.8.3 we have 

{Li, L2} = R21L1L2 — L1L2R12 + L1R12L2 — L2R21L1 
{-^'1)^2} — -^21-^1 -^2 ~ -^'1^2^12 + ^1-^12-^2 ~ -^2-^21-^1 

{Li, L2} = —R2iLiL'2 — L1L2R21 + -^^2-^21-^1 ~ -^1-^12-^25 

where R"^ is the classical i?-matrix corresponding to i?^. This is exactly the formulas 
in [FR, A2-A.4] (up to a sign). 

□ 

A. 17.4. Lemma. Let A be a field of characteristic or large enough. The A- 

algebra 0{D x T*A")"'" is generated by 

{det(y'mi, (pm2, ■ ■ ■ (pmn),det{m)^^,ti{m),ip{mv)} 

where m, rrii are monomials in g, g' . Further the natural map 0{D x A"'* x G)"*" — > 
0(r^)+ is surjective. 

Proof : Since a field extension is faithfully fiat, it is enough to assume that A is an 
algebraically closed field. Then the first claim is well-known. Let us concentrate 
on the second one. Recall the homomorphism 

0{D X A"'* X G) 0{D X r*A"), 

/ (g) 1 (8> c^,TO i^iw)/ (8)l(8)l-F/(8>V'<2>tu. 

The induced map 0{D x A"-* x G)+ 0{D x r*A")+ is surjective by the first 
part of the lemma. The restriction 0{D X r*A") — >■ 0{Tt,) is also surjective. Thus, 
if the characteristic of A is large enough, we have a surjection by A. 11. 3 

0{D X A"'* X G)+ ^ 0(r^)+. 

□ 

Proof oi 4.1.3 : Recall that 0{N) = 7^ by 2.6.2(a). Thus the maps z, z' in (1.11.2) 
yield an algebra homomorphism C — > 0{N). See the proof of 3.4.1. A routine 
computation shows that this map equip 0{N) with the structure of a £-module of 
finite type. 

□ 
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A.18. Proof of 4.2. 

Proof of 4.2.2 : First, note that M is a torsion-frcc B-modulc, because M C M(8)K 
and B C B (g) K. Further M (g) k and M (g) K are locaUy free over B g) k and B gi K 
respectivelly, because they are fiat and the B-module M is finitely presented. So 
it is enough to check that both ranks coincide. Let B' be the localization of B at 
the generic point of Spec (B g) k). It is a DVR. Further the B'-module M gJe B' is 
finitely generated and torsion- free. Thus M g)B B' is a free B'-module. This implies 
our claim. 

□ 

Proof of 4.2.4 : (a) Serre's functor Qgr{A) Qcoh{Ox) is an equivalence of cate- 
gories which takes B to the sheaf of O^-algebras £. Thus it yields an equivalence 
of categories Qpr(B) — t- Qcoh{£) such that B i— > There is also an equivalence 
of categories Qgr{B) — )• Qcoh{OY) such that B i-^ Oy- Therefore we have graded 
ring isomorphisms 

H'{Y,Oy) = Exfo^{OY,OY) = E^tU£,£)- 

So the claim follows from the adjunction formula (i.e., Frobenius reciprocity), which 
gives 

Extli£,£) = EKfa^{Ox,£) = H'{X,£). 

{b) By A. 18. 2 we have H^^{X,£) (g k = 0. Since £" is a coherent sheaf and / is 
a proper morphism, for each i we have the 0(yi)-module of finite type 

Hi = H>\X,£) ®o{Y) 0{Yi). 

Note that 

(gA k = £) ® k) (go(y^k) 0{Yi ® k) = 0. 

Note also that OiYi) is a domain and that there is a morphism O(l^) — k. Further 
a module of finite type over a CID which vanishes at some closed point is generically 
trivial by Nakayama's lemma. Thus we have 

(A18.1) Hi K(Fi) = 0. 

On the other hand H*{X g) C, £^ ® C) is a Poisson order over Y ®Chy A. 10.3(6). 
Hence its restriction to Fj g) C is locally free for each i by A. 10. 3(a), thus it is zero 
by (A.18.1). Since {1^ (g) C} is a partition of F g) C into locally closed subsets, this 
implies that H>^{X (g C, £: (g C) = 0. 

□ 

A. 18. 2. Lemma. Let K he a DVR with residue field k. Let X be a separated 
A-scheme of finite type and £ G Qcoh{Ox)- If £ is a flat A-module there is an 
exact sequence 

^ H*{X,£) H*{X ^k,£ ®k) Tor^{H'+^{X,£),k) ^0. 

Proof : Since X is a Noetherian separated scheme H* {X, £) is the cohomology 
of the Cech complex of an affine open cover X = Ui • Each term of the Cech 
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complex is a flat A-module, because £ is flat. Thus, the claim follows from the 
universal coefficient theorem, see [B2, X.4 cor. 1]. 

□ 

Proof of 4.2.7 : Let us give a few details on the splitting of T on the completion 
of T along the subscheme (\~'^{x). The rest of the proof is as in [BFG], [BKl]. We 
must check that there is a vector bundle on such that 

Morita equivalence classes of sheaves of Azumaya algebras on a scheme X are 
classified by the Brauer group Br{X). We must check that the class [T] of % in 
Br{T) belongs to q*{Br{N)), because the Brauer group of a local complete C- 
algebra is trivial. 

Recall that Dq is a S^-equivariant Azumaya algebra over Vq (it is a quantum 
torus). Hence its class belongs to 5r(Spec (Pq))^"- A. theorem of Gabber implies 
that Br{X) is the torsion part of the etale cohomology group of the sheaf Gm.x if 
X is affine. Since = 1 we have N ~ Spec(P^"). So the norm-map associated 
to the projection r : Spec (Dq) — > N gives a map 

r* : Sr(Spec(Po))^" Br{N). 

Fix an element f such that T/ ~ Nf and %{Tf) = T^. We have proved 
that # yields algebra isomorphisms 

See the proof of 4.2.1(6). Therefore we have 

T|t, =^q*(t*(Do)|jv,). 

The restriction to a Zariski open dense subset induces an injective morphism of the 
corresponding Brauer groups. Thus we have 

[1] = q*t*[Do]. 

□ 
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List of notations 

1.1: X, X+, Y, Y+, n, n+, G, H, U+, U., S„, P, I, d, 

1.2: Ao, Z{A), Mod}\A.), A^, gr{A), Qgr{A), M, Igd(A), fd(M), pd(M), CID, 

ID, NID, CNID, DVR, Vi, <^i, dj, 
1.3: H°, H^ H^ H"', F, Ul^l, V^^\ A, rf, R^, W2, tug, k, R, 
1.4: A^od(A,H), F', A^H, U^^), d^, 
1.5: A//^H', A//H', 

1.6: X', IC, V, U±, Uo, 0, o', ^(A), M(A), e„ fi, kx, h, vx, ^x, q\ 
1.7: F, r, F+, F;, Fo, Fs, F^, U', (U')W, U^, U,, U;, U^e, V, R'l, S, ^0, ca, Q,-, cx, 
Cij, Gy,, 
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1.8: D^, B^, B, B', D+, B'+, (U')% 82, 
1.9: W, W^, 

1.10: H, H', G, G", E, E+, Ej,, E", S, S", ^3, 5„ 5b, 9e, 9d, 7, Y, V', 

1.11: y®E, I{V,W), Do, Bo,*, Eo,*, G^, 1°, VF, L, O, V, q, tt, ^a, X, a^, 

2.1: G*, £>, D*, L>s, e^, /i, ^a, 

2.2: A, A, K, k, r„ A, A„ K„ K„ k„ A, A^, K^, k^, D, F, F', U, U, U', 

^, 3d, lu', If, a, 5o, s, x„, ^^a, c, fc, m, I =^l^ 

2.3: H^(A), M;_a, ^a, 

2.4: 7^, i?^,s, 91, V, V, A^, m^, G^, 

2.5* tS, J jS, 5*7^-, 5*7^-. >S'7j-_o, ©tt; 

2.6: r, T, Tt, T^, iv', ms, q, [g,g% 

2.7. T, T , Ti^^^, 'J, "Xtt, P, 

3.1: M, SM, o, 5^^/, XX, yx, 
3.3: 

3.4: C, CM^a^, ay, 

3.6: SKa, 5L(F), 

4.1: il*, G*, r^,E, ^TT,*, ^7r,«:?, -^c^, 5^t, J^+j r7r,+ , 

A.8: D*^, S', a', t- 
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